Yishun Junior College ¢ JC2 Preliminary Exam 2014 ¢ H2 Mathematics 9740

Paper 1 Solutions

ax+b
X+C

f(x)=
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Step 1
Translation in the negative x-direction by 1 unit

Step 2
Scal paraIIeI to the y-axis by a factor of 3

T Iatlon in the positive y-direction by 1 unit
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(i) y =tan(e” -1)
dy _ sec’(e* —1)xe*
dx

= (L+tan®(e* —1))e*

=1+ y?)e*
. d’y 2 dy
i —=(1 e +2y—=¢*
W) dx? d+y7) erdx
:Ol—y+2y0|—yeX
dx dx
:ﬂ(l+2yex)
dx
When x=0, y=0
dy _
dx
d’y
dx?

2

~tan(e* —1) = 0+ (D) x+ (1)%

1o
=X+=X" ...

Required equation of tangent is y = X
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W y=f(x)
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19_2)
Since the line y =0 cuts the curve y =f(x) more than once, f is not
one—to—one and thus f has no inverse.
Least k =1
(i) Let y=x*—-2x-1

(x-1)°-2=y
X—1=,y+2 (-x>1)

X=1+y+2
SN0 =14UX+2, x=>-2
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(i) 1 (x) = (F*(x))
=f(l+Vx+2)
= (1+x+2-1)%-2

=X+2-2
=X

gf () =x*
gf (7 () = (F*(x))?
g(x) = @+Vx+2)?
=1+ 24X +2+X+2
=3+2JX+2+X

0 (o) - K

x® +k?
X
=—h(x)
Thus h is an odd function

gh(=x) =g(h(=x))
=g(-h(x)) (- h is odd)
=—gh(x) (-~ g is odd)

Thus, gh is an odd function.

2 2
(ii) X_+kK Y

X

X2 +k* = xy

x> —yx+k*=0

b*—4ac>0

(-y)* —4D)(k*) >0

y? > 4k?

y<-2k or y>2k

Required set = {yeR:iy<-2k or y>2k|
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(i)

m>0 m=1

0] z—Tsz—m,(k,m>0)

j kpl_mdp=j1dt

%In|kP—m|:t+c

In|kP —m| =kt +kc
kP —m = +e“e
kP —m= Ae“ (A==€")
When t =0, P=F,
A=kP,—m
kP —m = (kP, —m)e"
kP = (kP, —m)e" +m

k K

(i) For decline in the population, P, —% <0
I.e. m> kPR,
(iii) P, =8000000, k = 0.015, m = 200000

kP, = 0.015x8000000 =120000
Since m > kP, the population was declining in that year.

Pg5




(@)

By Ratio Theorem,

Required length of projection

OP

_|or.
o]

=|(49 —3p)-3|‘
=|aq-P —3p. ‘
ol ™ ol

p 3
ol ol

_ 4p q 3|p|‘
el

(b)

a R Q

aq+bp

By ratio theorem, r =
a+b

r-p_(ag+bp)-p
r-qg (agq+bp)-q
2
_ap-q+bp-p _ ap-q+blp|
aq-q+bp-q algf +bp-q

When eza,

|r||p|cosé  a|pl|g|cos 26?+b|p|2
Irllajcosé  alq| +b|p||| cos 26
alg|cos26+blp|
alg|+b|p|cos 20

a|q|cos 26 +b|p| = a|a|+b|p|cos 26
a|q| (cos 26 —1) =b|p|(cos 26 -1)

a_|p|
b N
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r+3p
4 =q /
r=4q-3p P 1 :




(i) Let P, be the statement > r® = % n(n+1)?, neZ"

r=1

When n=1, LHS=1*=1
RHS:%(1)2(1+1)2 =1

Since LHS=RHS, P, is true
Assume that P, is true for some k e Z*

k
ie >r’ :%kz(k +1)?
r=1

To prove P, , istrue
K+1

ie. > r =%(k +1)2(K +2)?
r=1

r*+(k+1)>3

Il
-
I Mx
[N

k*(k +2)* +(k +1)°

(k+1)?(k? + 4k + 4)

(K +1)2(k +2)?

B [ N N N e

Since P, istrue and P, istrue = P, is true, by Mathematical
Induction, P, is true forall ne Z".

(i) u —u_, =r’—(r-21>°
=r®—(r*-3r*+3r-1)
=3r°-3r+1

n

D (U, -u,,) = Zn:(3r2 —-3r+1)
r=1
+ B\;—\
\ :SZn: r? —3Zn:r+n
r=1 r=1
=

n*=3»r? —Bx%n(n+1)+n
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3D r :n3+gn(n+1)—n

r=1

=%n(2n2 +3n+3-2)

:%n(n +1)(2n+1)

r’= % n(n+1)(2n+1)

r=1

(iii) 1*x2+2°x3+...450? x51
50
=>r(r+1)
r=1
50
=Y (r*+r?)
r=1
=>4y r?
r=1 r=1
=2 (50°)(51%) + 5 (50)(51)(101)

=1668550

@ () | (@+c)—(a+b)=c-b
(b+c)—(a+c)=b-a

Since a, b and c are consecutive terms of AP,
c—b=b-a

Hence a+b,a+c and b+c arein AP

(@ (i) | Since a, b andc are in AP
b-a=c-b
2b=a+c ...(D)

Since a, b and c are in GP
b_c

a b

b® =ac (2
(1) gives b:%

Subs. b :% into (2):

a+c)’
—— | =ac
)

Pg 8




(a+c)® =4ac
a’+2ac+c” =4ac
a’-2ac+c* =0
(a—c)*=0
a-c=0

a=c

Subs. a=c into (1):
2b=a+a

b=a

Hence a=b=c

(b)

Required distance

2 n-1
:a+gax2+(gj ax2+...+(2j ax?2
3 3 3

n-1
=bha- 4a(g)
3

(b)

(ii)

Total distance travelled before the ball stops bouncing, L =5a

2 n-1
5a—4a(§j >0.9x5a
n-1
4(2] <05
3

n-1
(gj <0.125
3

In0.125

n-1>

In=
3

n>6.13
Hence the required least nis 7.

11

(i)

Sin2Xx = 2sin X oS X
Differentiate both sides with respect to x
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20Ss 2x = 2[sin x(—sin X) + cos x(cos X)]
C0S 2X = C0s” X —sin” X
c0s2x =1-sin® x—sin’ x

=1-2sin’x

y

1
(i) ()

(i)  (b) | Required area :IOZydx
= [sing-2(~sin6) do
2

=-2[,sin?6do
2

zzjgl—coszede
0 2

:joi(l—cosza) do

:{H—ESinZGT
2 0
_
2
(i) (o) d—xz—Zsine,ﬂzcose
de deo
d—yzcosex l =—£cot0
dx -2sin@ 2

Eq. of tangent at P:

y—sinp= —%cot p(x—2cos p)

2

s P
np

+sinp

1 co
y=—§xcot p+

Eg. of normal at P:

y—sin p =2tan p(x—2cos p)
y=2xtan p—3sin p

OT -ON
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2

S P
sin p

- +sin p|-|-3sin p|

=|-3(cos” p-+sin® p)|
-9
=3 (independent of p)

(i)

(d)

LetQ be (X, Y)
x+Zcosp_0 y+sinp

=-3sin
2 2 P
X=-2C0S p y=-7sinp
X . y
cosp=—— sinp=—=
P=-3 P==3

sin” p+cos® p=1
2 2

XT oy
—+2-=1 x<0,y<0 eq. of locus of Q
49 y (eq )
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