Answer all questions [100 marks].

1

A cubic polynomial has turning points at A(—1, 13) and B(2, —14).

(i) Find the equation of this polynomial.

(ii) Hence find the coordinates of the point C on the graph of this polynomial such
that AC is parallel to the x-axis.

Suggested Solutions
Let y=ax’ +bx’ +cx+d

So, d—y=3ax2+2bx+c

dx
Using A(-1, 13),
—a+b-c+d=13 --(1)
3a-2b+c=0 --(2)
Using B(2, —14),
8a+4b+2c+d=-14 --(3)
12a+4b+c=0 ---(4)

Using GC, a=2, b=-3,c=-12,d =6

Hence, y= 2x° =3x* —12x+6

Since AC is parallel to the x-axis, y-coordinate at C is 13.

So, 13=2x-3x*—12x+6

Solving, we get x=3.5 or x=-1 (N.A))

Therefore, the coordinates of C is (3.5, 13).

SRBank introduces the UniSave Bank Account to encourage young parents to
save up for their child’s university education. This account consists of two
independent components — Ordinary Account and Birthday Account. The bank
will provide an interest rate of 1% of the total amount in the Ordinary Account at
the end of every year. As a bonus, the bank will deposit an amount equivalent to
ten times the age of the child into the Birthday Account on the child’s birthday
each year, with the last deposit on the 18" birthday.

Mr and Mrs Hon intend to save up for their child’s university education by
depositing a fixed amount of $3000 into the UniSave’s Ordinary Account at the

start of every year from the year their child turns one year old.
(i) Show that the total amount in the UniSave Bank Account at the end of the

year when their child is n years old, where n >19,is given by
$303000(1.01")-301290.

(ii) Given that n >19, find the least n such that the total amount in the UniSave

Bank account will exceed $70000.

(3]
(2]

[3]

(2]



Suggested Solution
(1))
End Total Amount in Total Amount in
of Ordinary Account Birthday Account
Year
1 $3000(1.01) $10
2 $[3000+3000(1.01)}(1.01) $(10+20)

= $3000(1.01)+3000(1.01%)

3| $[3000+3000(1.01)+3000(1.01°) |(1.01) | $(10+20+30)
=$3000(1.01)+3000(1.01” ) +3000(1.01°)

17 $3000(1.01+1.01 +...+1.01") $(10+...+170)
18 $3000(1.01+1.01° +...+1.01") $(10+...+180)
19 $3000(1.01+1.01° +...+1.01°) $(10+...+180)

Total amount at the end of Year n (where n>19)
= $3000(1.01+1.01° +...4+1.01") +10+20+...+180

1.01(1.01"-1) | 18
= $3000| ———— |+—(10+180)
1.01-1 2

= $303000(1.01" 1) +1710

= $303000(1.01")-301290

(ii)

303000(1.01" )= 301290 > 70000

1.01" >1.22538
n>?20.43

Least n =21

A sequence of real numbers u,,u,,u,, ... satisfies the recurrence relation

L ne Z+
u, +3

n

un+1 =

Given that u, =1, and by considering £+1 for n=1,2,3, make a suitable
u

n

, where a,b,ke Z".

conjecture for u, in the form of — -
a —_—
Prove the conjecture by Mathematical Induction.

Solution



u =1 £+1=i+l:3l
wo (1)
1
u, = = :(—:l £+1=L+1=32
w+3 (1)+3 4 u, (1)
4
(IJ
U, % 4 £+1:L+1=33
’ uz +3 1 u, L
4 13
Conjecture: u,
3" -1
Let P be the statement “u, =3 2 , VneZ".
Whenn =1,
LHS = u, =1 RHS—32 =1=LHS
Hence P, is true.
Assume P, is true for some k€ Z" i.e u, :kL
3 -1
To show that P, is true, i.e u,,, =ﬁ
LHS = u,,, = —2—
u, +3

3k+1 _1
=RHS
Therefore, P,,, is true when P, is true.

Since P,is true and P, is true when P, is true, by Mathematical Induction, P, is

true for allne 7" .



(a) A graph with equation y =f(x) undergoes in succession, the following
transformations:
A : A translation of 3 units in the direction of the negative x-axis
B : A reflection about the y-axis
C : A scaling parallel to the x-axis by a factor of 2

x—4
2x—18°

The equation of the resulting curve is given by y =

Find the equation y =f(x).

(b) The graphs of y =| g(x)| and y =—,/g(x) are shown below.

3
>

1 1
1 1
1 1
1 1
1 1
1 1
1 1
r=—————== 1
: y= |
; > ! > x
! -1 1! I~
L TRV
: L -2 :
1 1 1
1 1 1
1 1 1
1 1 1
. 1 1

=- = ! !

= 3 x_3 x:—3 x=3
Graph of y = Ig(x)! Graph of y =—/g(x)

Sketch the graph of y = g(x), showing clearly any equations of asymptote and

intercepts with the axes.

Solution
x—4 C' 2x—4 x—2
y: y: =
2x—18 4x-18 2x-9
x=2 B' —x=2 x+2
y: y: =
2x-9 -2x-9 2x+9
x+2 A _(x=3)+2  x-1

My Y =349 2x+3



y=gx) y
i A i
"""" /2\ y=2
— T > X
x=-3 x=3
2
The curve C has equation given by y = Lxl-l-l, xe R, x#-1.
X+
(i) Without using a calculator, find the set of values that y can take. [3]
(ii) Sketch the graph of C, indicating clearly the equations of any asymptotes and
the coordinates of any turning points of the curve. (2]
(iii) Show that (—1,—1) lieson y=kx+k—1, where k € R.
(x— l)2 +x
Hence, find the range of values of k where kx—1=-—+—— has two
X
real roots. (2]

Suggested Solution
(i) Consider any horizontal line y =k, ke R.

2
Consider the intersection of the graphs y = Lx;rl and y=k,
X+
2
e, XAExHl
x+1

= +x+1=k(x+])
=x +x(1-k)+(1-k)=0
For the equation to have real solutions, we need Discriminant =0
= (l—k)2 —4M)(1-k)=0
=k*+2k-320
= k-1Dk+3)=20
We have k<-3 or k21
. The set of values that y can take is { ye R: y<-3 or y=>1}
X +x+1 1
= =x+
x+1 x+1




(ii)

When x=-1,y=k(-1)+k—1=-1 (Shown)

—1)7+
To find the range of values of k where kx—1= M has 2 real roots is the
X
x*+x+1
same as finding the range of values of k for which kx+k—1= i has two
X+

real roots. So from above, isk >1.

The number of people infected with virus A is x. The rate at which x is varying
at any time ¢ is proportional to the difference between the number of infected
people and the number of death due to virus A. At time ¢, it is also known that
the number of deaths due to virus A is proportional to the square of the number
of people infected with virus A. Initially there were 10 people infected and the
number infected remains constant when it reaches 100.

k

Show that ;ﬂ = E(IOOx— x° ) , Where k is a constant. Hence find x in terms of
t

k and ¢ in the form x = ——where p and g are constants to be determined.

1+ge

[7]



Solution
Let D represent the number of deaths due to virus A.

dx

nkd -D

4 (x-D)
dx
—=k(x-D
" (x-D)
dx

— =k(x—Ax?
" (x x)

When x=100, % =0
dr

0=k(100- A(100)’)

L
100

1 k
%zk x———x° z—(lOOx—xz), shown
dt 100 100
Integrating = j;dx— Ldt

100x — x* 100

J‘;dx: Ld[
(100—x) x 100
1 (1 1 k

—[=+ dr = [——dr
1009 x  100—x 100

1 1
—+
x 100—x

dxzjkdt

In|x|—~1In[100— x| =kt + C

In =kt+C

100—x

Y _ Be" where B =+eC
100—x

x=100Be" — Bxe"
x+ Bxe" =100Be"
x(1+ Be" ) =100Be"

100Be*
=
1+ Be

When t=0,x=10



_100B
1+ B

10+10B =100B
90B =10

10

_ 100e"
9+e"

= (9100]( = 1 180_]([ , where p=100and g =9
+e ’J +9e

ekt

The equations of three planes pi, p» p3 are

X+y+z=3,
x—-z=73,
3x+ Ay -2z=4,

respectively, where A and u are constants.
A line [ passes through the origin and the point, A(1, 2, —1).
(i) Find the coordinates of B, the point of intersection between the line / and

plane p;.

(ii) Find the sine of the acute angle between the line / and the plane p;. Hence
find the exact shortest distance from point A to the plane p;.

(iii) Find the conditions satisfied by 4 and u given that there is no point in

common among the three planes.

Solution
(i) Since B lies on the line /,
A
b=| 24 | for some A€ R
-1
A 1
214 |o|1|=3
-4) \1
223

(3]

[2]

(3]



Coordinates of B are (%, 3, —Ej

2
(ii) Let @ be the acute angle between the line / and plane p;.
1 1
2 |e|1
sind = - !
1|1
2 |1
-1\ 1
sin6’=—1+2_1 :L
Vo3 32
-1
Shortest dist = 1;4 sin@ = 1 -2 (LJ = ﬁ units
2|, 3W2) 3
1 1 -1
(i) | 1|x| 0 |[=] 2
1) { -1 -1
-1 3
2 (o A |=0
-1) (2
-34+214+2=0
Al
2
Using GC, (3, 0, 0) lies on the line of intersection between planes p; and p».
ik
. g . 5 U
-2
H#O

A curve has the parametric equations
. V4
X =cos’ 1, y=sm3 t,forO <t < 5

(i) Sketch the curve, indicating clearly the axial intercepts. [1]
(ii) Find the equations of the tangent and normal to the curve at the point

P(cos26’, sin36’), where 0 < 0 < z.
2 [4]
(iii) The tangent to the curve at P meets the x-axis at A and the normal to the
curve at P meets the x-axis at B respectively. Show that the area of triangle

PBA =" sin’6 (4 + 9sin” 0).
12 (3]
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Solution

(@ y

1
. dx .
(ii) x = cos’ 1, O =—2cost sint
t

. d .
y=sm3t,—y:3sm2tcost
dr
dy 3sin’fcost 3 .
— =————=——sint
dx —2costsint 2

y
A
Equation of normal
1
P
/8 AN >

Equation of tangent

At the point P (cos* 8, sin’ @), 1= 0

Gradient of tangent, m Y = _3 sin 8
dx 2

Equation of tangent at P (cos” 8, sin’ 0):

y—sin39 = —%siné’(x—cos2 0)

y= —%siné?(x—cos2 0) +sin’ @

At the point P (00329, sin’ 0),t=60
1 2

Gradient of normal, _1 =—(

)=
m —;Sine 3sin @
Equation of normal at P (cos* @, sin’ 8):
. 3 2

—sin" @ = Xx—cos” 6
Y 3sin6( )

= x—cos?@) +sin’ @
Y 3sin ( )

(iii) At A, Wheny=0, 0- sin’ @ = —%sinﬁ’(x—cos2 6)
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%sinzﬁ =x—cos’ @

x=cos’ @ + %sin2 o

2

(x—cos’ @)
3sin

At B, Wheny=0, 0-sin’0 =

_3in%0 =x—cos’
a3,
x=cos @ —Esm [
Area of triangle PBA

=1 [(cos® @ + zs,ir12¢9)—(cos29— isin“a)][ sin’ 6]
2 3 2
= ; [ 26in0 + %sin40][ sin’ 0]

= % sin’@ (4 + 9sin’ @) (Shown)

The functions f and g are defined as follows:
f:x|—>‘4x—x2 . x<k
gixH Jx+4, x>—4,
(i) State the largest value of & for the inverse function f to exist. Hence, find
f ! in similar form. [4]
(ii) Using the value of k found in (i), explain why the composite function gf
exists. State the range of gf. Find the rule of gf in the form bx+a,
where a,b e R, stating clearly its domain. [5]

Solution
(i) largest k = 0.
When k=0,

y:—(4x—x2), x<0
y=(x-2)"-4
x=2%,/y+4
x=2—y/y+4 (. x<0)
x> 2-x+4, x>0
(i) R, =(0,)

D, = (—4,0)

SinceR; Dg , so gf exists.

(2.0 (0.00) > (2.)
So Rgf=(2,oo)
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12

(a) The curve C is defined by the parametric equations
£+t

x=Int, y= where ¢t >0.

Another curve L is defined by the equation y = ¢**. The graphs of C and L are
shown in the diagram below.

v

b

Find the exact area of the region bounded by C, L and the line x=In2,
giving your answer in the form Inb where b is a constant to be determined. [5]

(b) The curves V and W have equations 2y=(x—1)2+4 and y=2x’

respectively. The region in the first quadrant enclosed by the curves and the
y-axis is denoted by S.
Find the exact volume of the solid generated when the region S is rotated

through 27 radians about the y-axis. [4]
Solution
dx 1
a) —=-
@ de ¢t
In2 In2

Area of the region =

!
" HEETATS|
=[e “‘!(HJ(;}”
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r In2 2 .2
_| L —J.t LR
| 2 o 1+l
r In2 2
= Lo —J.t—l+idt
_2 0 1 t+1

r —ln2 tz 2
=|—=e” {E—t+21n(t+l)}

:(%ezm%j{(z—;2+21r1(2+1)j(§1+21n(1+1)ﬂ
:(2—%)—[(2—2+2ln3)—(%—1+21n2ﬂ

= —21n3—l+21n2
2

=1+2lng

3
:lne+lni

9
=1n(£j where b =ﬁ

9 9

(b)
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14

5
:7z+7zf(—2 2y-4+2y-3)dy
2

YR

=T+

[ 2 3, >
=T+ —E(Zy—4)2 +y =3y

=+ —%(2@)—4}2 +(§)2 —3(%) —(—%(2(2)—4)z +(2)"-3(2)

V4
=T+—
12

137 ) .
=—— cubic units
12

1-N _1 3,2

(N+1D)(N+2)(N+3) N+1 N+2 N+3°

(i) Find S, in terms of n, where Sn=i 4r-4 .
“ (r+1)(r+2)(r+3)

(ii) Hence find S, stating clearly the reason.

oo

It is given that

(iii) Using the result in part (i),

) : 4r
@ find D e d)

(b) deduce that 2 L& < i
Ti(r+2) 156

in terms of n,

Solution

. a 4r—4
@, = Z; (r+1)(r+2)(r+3)

n

=—4Z I-r

- (r+D)(r+2)(r+3)

< 1 3 2
=_4 - +
=Lr+1 r+2 r+3

(3]
(2]

(2]

(3]
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3 2

+(———+ )

n n+l n+2

1 3 2
—_ +

n+l n+2 n+3

g 2, 4 8

"3 n+2 n+3

— 0 and -0

n+2 n+3

=S 25 (deduced)

(i) As n — oo,

oo

(iiia)
< 4r
;(r+2)(r+3)(r+4)
(replace r by r—1)
RS 4r—4
B (r+l)(r+2)(r+3)
_g -4 B 4(1)-4
(r+1)(r+2)(r+3) (1+1)(1+2)(1+3)
:g+ 4 8

3 n+3 n+4
(iiib) For r > 1,
PP 4dr+4>r+4r+3

(r+2)3 >(r+1)(r+2)(r+3)

I N 4r—4
2 3<Zz(r+1)(r+z)(r+3)

r:ll(r+2) r=11

r=1 1| 4r—4 & 4r—4
,Z‘H(r+2)3 % ,Z_;(r+l)(r+2)(r+3)_,Z_:‘(r+l)(r+2)(r+3)}

1_(2 4 8 j (2 4 8)}
Z s<—|| =+ - -l =+=——=
Si(r+2) 4[\3 n+2 n+3) \3 12 13

- or—1 _1f11 11 4 8 }
Si(r+2) 4 39 n+2 n+3
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5 or—1 <£_ n+l1
Si(r+2)° 156 (n+2)(n+3)

n+l

nor-1 11
———<— |v"————=>0asn>0
Si(r+2)" 156 | (n+2)(n+3)

12 Sketch on a single Argand diagram the loci of |z +3+ 4i| =5 and

|z+3+4i|=|z+6].

(i) Hence indicate clearly on the Argand diagram the locus of z that satisfies the

relation |Z+3+4i| <5 and|z+3+4i| =|Z+6| .

(ii) Given that -7 <arg(z+3+4i)<7, find the exact range of values of

arg(z+3+4i).

(iii) Find the exact value of z where |a.rg (z+3+ 4i)| is as large as possible.

> Re(z)

Solution
® Im(z)
(-4.5,-2) A
(-6, 0) /
\\\\ ,l
locys of 7z N\ ,/
15
NNz !
7| \4\..‘1 I,
2 /
"""" ;“'_.L?'f-;:/;X
T L bt 5(—3,—4)
|z +3+41=|z+6 —’5
k
|z+3+4i]=5
.. 25 1
il) cos(a+ B)="=—
(i) cos(a+ f) =" =2
So a+p==
3
And sina':izi
25 5
T .4
=——sin —
p 3 5

So range of —7 <arg(z+3+4i)<-7+f or ﬂ—(%+0{j£arg(z+3+4i)£7r

[3]
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—7[<arg(z+3+4i)s—2§—si

3 25
(i) cosag=—=—
5 k
3 25
cosax=—=—
5 k
k=22
6

Value of z is (—%j—ﬁ

17

(4 27 4
nl(—J or == —gsin'=<arg(z+3+4i)<x
5 3 5 g( )

A curve is defined by the equation y* =1In (e —x), y>0 and x < e.

(i) Show that2 y% +e =0.

2 2
(ii) By further differentiation, show that(2 +4 y2 ) [%j +2y d_y =0.

(iii) Hence, find the Maclaurin’s series of y, up to and including the term in X ,

de

giving your answers in exact form.
(iv) Find the Maclaurin’s series of the curve defined by the equation
[y2-x)]*=1In(1-x) + 1.

Solution
(i) Differentiating implicitly,
dy -1
2y—2 =
Y dx e—x

From y2 =1n (e — x),

=e’ =e—x

= -1 =—e

e—x
dy -1
s 2y—=
Y dx e—-x
d

= 2y—y=—e”'2 = 2y%+e’2 =0

(ii) Differentiating implicitly,

dx
dy

2
(29j9+2yd—f—2yeﬂ‘d—y=o
dx 7 dx dx

Since e =—2 ya , the equation becomes

2]

Factorizing,
dy Y’ d*y
2+4y* )| = | +2y—==0

d’y  L(dyY
+2y—+4y"|—| =0
Yyt (dx

(2]

(2]

(3]
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(iii) Differentiating implicitly,

dyY dy ) d? dy)d? d’
(m)[ayj +(2+4y2)2[ayjaf+2[ayjaf+ ZyE); —0
When x =0,
y’=Ine=1=y=1 (since y > 0).
A b 1

2 2o e
€
dx dx 2
1LY Ld%y &y 3
(2+4)| —=e™ | 42— =0=>—=-=¢
2 dx 4

3 3 3
8[—le‘1J +14[—le-lj(—§e-2j+2d—f =0= d—f - e
2 2 4 dx 8

Hence, the Maclaurin’s series of the curve is

1 2 17 3
1——eflx—§efzx———e’3x—+”_ = 1_Lx_i 2 17

A TR Y 2 8 48e
(iv) By replacing x with ex in the original equation,
y2 =ln(e—ex)=In(e(1-x))=In(1—-x)+1
Hence, replacing x with ex in the Maclaurin’s series,

1 3 17
2-x)=l-——x—x——x+...
X ) 2 8 48
1 3 17
=y=Q-x)"1-=x—=x*——x+...
y=( ) ( 2 8 48 j
1 1 17
sy=ta-(1c LB Ty
2 2 2 8 48
2 3
:>y:l PEESIE SR (T S JE VA
2 2 2 8 48
2 3
2 2 4 2 4 8 8 16 48
y:l_ix2_£x3
2 16 48

END OF PAPER
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