MATHEMATICS PAPER 1

_ \. RAFFLES INSTITUTION (9740 / 1)
5% 2014 YEAR 6 PRELIMINARY Higher 2
N2 EXAMINATION
Qn. .
[Marks] Solution
1 f(x):xz_ax+b=x—a+—
[4] *
f'(x):l—%:m:} x=+Jb
X
x-intercepts (\/Z,O) and (—\/E ,0)
YA
___________________ y=1____
(. o)\ 0.
. x=0
2() | Using G.C.
[2] n=6 |[u =1.0817>1 n |uind
1 10.667
] B.ZEZE
n=T7 | u =0.71334<1 3 966
y - Iy
E 1.54898
E 1.0817
o1EZY
Least n=7 n=y
(ii) Since u, =20 for all values of n, then
[2] 20 1 5
20= r(ZO)(l—ﬁj =r :m :Z
100
W) s n Do u, o1 andu, > 1, l:fl(l—ij
3 100
[2]
[=0 (N.A) or i(l—ij =
3 100
[=25




Qn.

[Marks] Solution
3D f=(1-x)(1+22)”
[3] -2 —2)(-3
I P I I
1! 21
=(1-x)(1-2x" +3x" +--)
=1—x—2x"+2x" +3x" +---
(ii) Observe that
[3] - -2 -2)(-3 —2)(-3)---(-r-1
(1+x2)2=1+( )x2+( )( )x4+---+( )(=3)-(=r )x2r+---
1! 2! r!
=1-2x"+3x* +-+(=1) (r+Dx* +---
Since f(x) =(1—x)(1+x2)_2,
the coefficient of x** is —(=1)" (r+1)=(=1)"" (r+1).
4 Let P, be the statement
[4]

Z sin(2rx) sin x = sin nxsin(n +1)x for ne Z".

r=l1
1
Whenn=1, LH.S.= Z sin(2rx)sin x = sin 2xsin x
r=l1

R.H.S. = sin xsin 2x
~.LHS.=R.H.S.

Hence P,  true.

Assume P, is true for some k€ Z",

k
ie. Z sin(2rx)sin x = sin kxsin(k +1)x

r=1
To prove that P,_, is true,

k+1
i.e. Y sin(2rx)sinx =sin (k +1)xsin(k +2)x

r=1

k+1
LHS. = Z sin(2rx)sin x

r=1

k
= sin(2rx)sin x +sin 2(k +1)xsin x

r=1

=sinkxsin(k +1)x +sin2(k +1)xsin x

= sinkxsin(k + 1)x + [2sin(k + 1)xcos(k +1)x]sin x




Qn.

[Marks] Solution
= sin(k +1)x[sin kx + 2 cos(k + 1)xsin x]
= sin(k +1)x[sin kx + sin(k +2)x — sin kx|
=sin(k+2)xsin(k+1) xR.H.S.
OR
k+1
L.H.S. =) sin(2rx)sinx
r=1
k
=) sin(2rx)sin x+sin 2(k +1)xsin x
r=1
=sinkxsin(k +1)x+sin2(k +1)xsin x
1 1
= —5[cos(2k +1)x—cos x| - E[cos(Zk +3)x —cos(2k +1)x]
1
= —5[c0s(2k +3)x—cos x|
1 . (2k+3+1) . (2k+3-1
=——| =2sin| —— |xsin| ——— |x
2 2 2
=sin(k+2)xsin(k+1)x
=R.H.S.
Hence £, is true = P, ,is true, and since P, is true, by mathematical
induction , P is true for all n€ Z" .
T
2 sin3xsin4x
[3] JZ sin x &
4
z3
2 .
= j Zsm(er) dx.
V4
Z r=1
z
= J‘Z (sin2x +sin4x +sin6x) dx.
4

NI

= —lcos 2x—lc0s4x—lc0s 6x
2 4 6

1N

. —%(—1—0)—i(1+1)—%(—1—o) - %




Qn. .
[Marks] Solution
S Equation of the new curveis y =3— ! .
2x-1
[4]
X = l
Ya i 7
0.4/
::{ S y=3
i ,X
E (3, oj
3
(4] 1
X = E
v 1 Yo
: =75 0 x=—
0, 4) / | ’ \/ 2
=AY y=3 0.H¥ 1 o3
: .2 X \ E . / X
—,Oj 2ol | (g,oj
3 37 )) | A3
y=[f) y=f(d) ||
1 1 2
From the graph, for |f (x)| > f (|x ), x< -5 oo <x< 3
60 | b g
] a.ﬂ represents the length of projection of OA onto OB.
(ii) [3a-b|" =10? =100
21 | 9la]* +|p|’ —6asb =100
6asb =9(3)* +(5)*-100=6
Therefore asb =1.
(iii) Let N be the foot of the perpendicular from A to the line OB.
[2]
ON = a-B :l.
[bl| 5
Using Pythagoras Theorem,




Qn.
[Marks]

Solution

2
AN? =0A* -ON* =3* —(% =%.
5 25

AN = ,/% = %Jﬁ =2.9933=2.99 (3sf).

Area of triangle OAB = %OBXAN =214 =7.48 (3sf).

(iv)
[4]

(ua+2b)—a=k [(23+ 3b) —a] for some constant k.

ab

Now,

a‘ #0,

b‘ #0 and

=1#[ab

, so a and b are non-zero and

non-parallel vectors.

(1—Da+2b=ka+3kb
(L—1-k)a=(3k—-2)b

Hence 3k —2=0 :>k=§ and lu:k+]:§

7(a)
[2]

C is acircle centred at (0,0) with radius 5.

2 2

X y . . .
it =1
C, 1 Oy 1 0% is an ellipse centred at (0,0) with length of the
a

10 10
horizontal axis Z(T) and vertical axis 2(—=).

a b

Note : a < b = length of the horizontal axis > length of vertical axis

To get 4 points of intersection, we need :

£>5:>O<a<4 and £<5:b>4
Ja

Jb
OR

2 2 2
Compare C,: x*+y’ =25=2+2 =1 with C,: al

4 y_2 — 1
“100/ 100 ’
25 25 0/ 100/
For them to intersects at 4 points,

%<25 and @>25

a

b>4and 0<a<4 since a >0 is given.




[M?u?l.(s] Solution

b) 1. K4y =25 = y=+/25-2
[3] 2 2 oo _ 2
Cioet—2—=1 = y=% 100=x
10 (10 )
3

3

C and C, intersect at x= £3.9528 (5 s.f.) (from GC)

Thus area of the required region

/ 2
_s J-73.9528 100—x dx—J.:S”SZS\/ﬂ dr

-10 3
=223 (3 s.f)
OR

C: xX+y'=25 = x=1425-y7
C,:x*+9y°=100 =  x=+100-9y>

C and C, intersect at y=%3.0619 (5 s.f.) (from GC)
Thus area of the required region

_ 2[[5'0619\/100—%2 — 25—y dy}

=223 (3s.1)

(0 C: X+y' =25 = X’ =25-y’
2 2
W le X Y o1 o 2=100-4y°
v oy
2
Required Volume
= 75.[_55 x> dy —%7&'(5)3 Note : %75(5)3 is the volume of sphere

=7 .[ _55 (100 -4 yz) dy — 5—(3)075 formed when rotating the circle

5
:ﬁ[lOOy—%yﬂ —%7: about the y — axis.
-5

— x| [500-222 - 5004222 ||-220 4
3 3 3

=500z




Qn.

[Marks] Solution
8@ | ' -8(—3+i)=0
6
L6] = 8(—\/§ +i)
=16eg”1
5 .
:16e[6+2k)7z1
(i+1kjﬂ'i
z=2e 2/ [ k=0,%l, 2
Im )
Qe - 1T~
// >/'\'2625“”i
\-
! \
—2| \ .2 Re
1\ | iﬂ_
19 o U 24
2e i ,
T
(b) w2 +aw*+b=0
[6] (w2+aw*+b)*:0*

(wz)*+(aw*)*+b*=0
(w*)2+a(w*)*+b=0, a*=a and b*=b since a and b are
real.
Hence, w* is a root of 2 +az*+b=0.
22 +62%49=0
(x+iy)’ +6(x—iy)+9=0
x* = y2 +2ixy +6x—6iy+9=0
=y +6x+9+2y(x-3)i=0

Compare imaginary parts, y =0 or x=3.

Consider real parts:
When y =0, x* +6x+9=0 which gives x=-3
When x=3, 3°—y*+18+9=0 giving y=16

Hence z=-3, 3+6i, 3—61




Qn.
[Marks]

Solution

9 ()
[3]

5 0 5
aﬁlzo,%:3,ﬁ=3,so
0 0 2

0) (5 (6
n=ARxCR=|3 |x|0|=|10
2] 2) (=15

6 S5\( 6
Therefore 7, : ref 10 |=| 0 | 10 [=30.
-15 0/)\-15

(ii)
[2]

0

The angle between 7; and the horizontal base, which has normal 01,
1

6 0
10 |.| O

L ~15) {1 L (~15 ]
ig COS =cos | — |=142.136".
V36 +100+225/0+0+1 19

The acute angle is 180" —142.136" =37.9". (1 dec. pl.)

(1ii)
[1]

By symmetry, the acute angle between 7, and the horizontal base is
also 37.864° Hence the angle between 7, and 7, is =2(37.864") =
75.7° (1 dec. pl.).

(iv)
[3]

0
, 0S=|3 , SP=|-3 , therefore
0

OP =

N o O

0 0 0
OX =0S+SX =3 |+a| 3|=|31-a) |
0 2

5
lyy r=0Y +AXY, Ae R, and with OY =| 2 |,

1
5 5
lyy: r=|2|+4|3a-1|, AeR.
1 -1




Qn.

[Marks] Solution

5
Clearly [, : r:,u{SJ, He R
2

v) When the lines XY and OR intersect,
[4] 5 5 5
u|3\1=|2 |+ 3a-1].
2 1 -1

Therefore,

u=1+1
3u=2+A3a-1)
2u=1-4

. ) 2 1 1
Solving gives ==, A=—— and a=—.
g8 M 3 3 3

OW = lOR, s0 OW :OR =2 : 3.

10(i) Since x=tan @, y =secd and tan’ 8 +1=sec’ 8

[3] x*+1=y" for x>0 and y>1

N

(0.1

(i) »

[7]
(0.1
Q (—cot 6, OX

d ftand tanf .
x=tan@, y=secld ; X zan =27 _ing
dx sec” @ secd

Equation of tangent at P is y—sec@=sin8(x—tan6)




Qn.

[Marks] Solution
At Q, 0—sec@=sinf(x—tanéh).
_sing 1 _sin’6-1_ cos’@
cos@ sinfcos@ sinfcos@d  sinfcosl
x=-cotd
Tangent at P intersects x-axis at Q(—cot8,0)
Equation of normal at P is y—sec =— (x—tan @)
sin@
-1
At R, 0—secd=——(x—tan8)
sin @
x= sin o +tan@=2tan @
cos @
Normal at P intersects x-axis at R(2tan6,0)
Triangle PQR is a right-angled triangle in circle, so QR is a diameter.
2 2
2tan @ —(—cot @
A:”(%j _ [ 2tan (—cot8)
2 2
2
= ﬂ(tan0+ 1/ tan 0)
l 2
A= ﬂ(tan 0+ j [shown]
2tan
(iii) 2
(Hij -2=t +1+L2—2=t2 —1+i2
[2] 2t 4¢ 4¢
2
- (t _ij >0
2t
[1]

For 0<9<§ t=tan >0

2
So minimizing A =7 (tan 0+ ) over 0<8< B} is equivalent to

2tan @

1 2
minimizing A = JZ'(t +2—J for t >0

2
A= ﬂ(tan 0+ j > 27 from above result.

2tan @

Hence the minimum value of A =27

10




Qn.

d
Hence, & —2y.(s
dy

_yoldxdu (since —=-
Y dx &

d2y

hown)

dy
—y and —
Y i

[Marks] Solution
113) 4> d’

When x =0, E§=—l. (since a{=—y and y=1 when x=0)
[1]
(i) Differentiating (1) with respect to x twice gives
[2] 3 4 2

G A R A v
dx dx dx dx
_n dy ) d’y .
When x=0, . 1 (given) and w =—1 [from (i)]
d’ d*
Hence, when x=0, ag) =—1and g?: =1.
Maclaurin’s theorem gives
y =1+lx1 +_—1x2 +—x +lx4 +---
1! | 2! 3! 4!
y=l+x——x"—=x" +—x"+---
6 24

(iii) . .. dy o . .

Differentiating o =Ju implicitly with respect to x gives
[4]

=u =>—F—=—)

Alternative Method

du
— =22 —
dx dx dx

2
dy \/— dyj
- = Su=|—=]|.
o (dx

dy &y _ dudr

dx dy

2
Differentiating u = (%] implicitly with respect to x gives

2(-y) = d_u =—2y.(shown)
dy

du
Integrating d_ =-2y with respect to y gives
Y

u=[-2ydy=-y>+A, where A is an arbitrary constant.

11




[M?u?l.(s] Solution

Using u =1 when yY=1, we have A=2,

Hence, u =2 - y’.

(iv)

Substituting u =2 — y* into Y_ Ju gives
[4] d

dy _ .2
o VP

which we can integrate via

L &,
2—y? dx
f——dy = [1dx

2—y?

sin”! =x+B

S=

y= J2sin (x+ B), where B is an arbitrary constant

.41 7z
Using y=1 when x=0, we have B =sin 1—=Z.

N

Hence y=\/§sin(x+%j, ie. P=\/§ and Q:%.

A
® y=\/§sin(x+£j
2] 4
. T . T
=/2| sin xcos—+ cos x sin —
4 4}

. . T . T
=sinx+cosx (since cos— = Sin— = —)

V2

3 2 4
:{x—x—+---j+{1—x—+x—+---j (from MF15)
3! 21 41

2 3 4

12




