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Let 22 ( 1)y x    
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   

         
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   1f fx x  

   f x x  

   22 1x x    

   2 3 1 0x x    
Using GC, 3.303 (since domain of f is 1)x x   
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1
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  

 
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1
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 


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
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2 33 3x xy y    
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Tangent // x-axis,   2 3 0x y    
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
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
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         
   

 

3 28
3 0

27
x x    

4.00x   , 2.67y   
coordinates ( 4.00,2.67 ) 

At 1x   ,    2 31 3 1 3y y      

                           3 3 2 0y y    
                            2, 1y    
 

At  1, 1  , 
d

d

y

x
 is undefined,  equation of normal is 1y    

 

At  1,2 , 
   
   2

2 1 3 2d

d 3 1 3 2

y

x

  


 
 

                      
d 4

d 9

y

x


  

Equation of normal 
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x





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y x   
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1 12 2 3
Largest possible value of sin tan

113
                

 1.88 rad  (3 s.f.)   
 

(iii)           arg * 2 arg 2 *w w           

    arg 2w            

  

    

1 3 3
Largest value of tan

2
   
   

   
            1.20 rad    

                                               For the half-lines  arg 3 3iw    and    

xxxxxxxxxxxxxxxxxxxxxxx  arg * 2w    to intersect, 0 1.20   

xxxxxxxxxxxxxxxxxxxxxxx(3 s.f.).
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Height of an isosceles � =  

2
2 2

2

1

4

x
ax x a

    
 

 

Area of one � =
2

2 21 1

4 4

1

2 2

x
x x a a
 

    
 

 

Area of  base = 
2

2 2 21 1

4
6 3

2 4

x
a x a     

2 2 2 2300 3 3
1 1
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(1)x a y a x y

   
         
   

  

 

Surface Area, 2 2 1

4
3 2 2 4S x a xy axy
 

     
 

 

 From (1), 
2 2
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1
4

y

a x


 

 
 

 

Therefore   

 221 2 3 13   
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 
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   
 
  
            
 
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a x
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 
  
            
 
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S

x
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2 6 0

1 1
4 4

1
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a x

x
a a

 
  
            
 
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 
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3
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1 1
4 4

200
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1
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1
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a x

x
a a

x a
a

x a
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x a
a a a

 
  
           
 

  
  
 

  
     
  

   
  

 

                        
 

1

3200

3 2 1
x

a

 
    
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3

2
2

2

d 200 400 1
2 6 2 0

d 1 1
4

1

4

4

S a
a

x x
a a

 
  
             
 

  

as 30 0x x    and 21 1
0

2 4
a a     

 

Recall that 
2 2

100

1
4

y

a x


 

 
 

 

therefore    

 
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 
    
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         

 

 

Method 1(Graphical):  

Since 
1

2
a  , therefore 0<

2 1

2 1

a

a




<1 or 0<
2 1

2 1

a

a




<1 , [Draw graph to 

show], 
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3
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a

a



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Method 2(Algebraic) 

3 2 1 2 1 2
3 3 1

2 1 2 12 1

a a

a aa

 
  

 
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1

2
a  ,    2 1 2 0a        

1 1
0

2 1 2a
 


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2
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   


 

                                             
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

 



                                          
2

0 1 1
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  

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2

0 3 1 3
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  

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  

 
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 
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 

d 1
                                               

d 30
1 1

d d d   since 20
30 30
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w

t t

w t t t
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w t




   
 

  

    

 

 

ln 30 C

0, 0 0 ln30 C
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t

t

t

ye t

t y

y e t

t
y e





  

    


    
        
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d
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d
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d
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t

t

t

x

t
x

t
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x
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t
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







  

  

     
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7

iii)  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

7 (i)  

  

Alterna

  

  

y 

Let z x 

  x 

 
 2 2x y 

Comparing 

 
2 2 4x y 

From (2),  
x

Sub (3) in (

 
2

12

y

    
4 24y y

   
 22 2y 

2 2 4y     

     
2 2y   

       2y 

When 

When y  

Hence z 

ative solution
2 4 4z  

     
i
38e


  

y 

1    

iy   

2i 4y  

2 i 4xy  

real and im

4    ___(1) 

2 3
x

y


  _
(1): 

2 4y 
 

2 12 0   

16 0 
 

or 
2 2y  

2   or  y  

, 

2
x 

2 , x  

6 2i   o
n: 

3 i  

2

4 3 i
 

4 3 i
 

maginary par

2 4 3xy 

___(3) 

4   (rejecte

2   

3
6

2


 

6  

or  6z  

(60.

 
rts, 

  ___(2) 

ed since y

2i  

x 

0, – e-60 ln3

 

 

� )  

 

0) 



       
i 2

38e
n

   
  , 1,  0n    

    

1 6
i

68e
n

z
  
 
  , 1,  0n    

    

5
i i

6 68e ,  8e
 

  

    

5 5
8 cos i sin ,  8 cos i sin

6 6 6 6

                           

    

3 1 3 1
2 2 isin ,  2 2 cos i sin

2 2 2 2

                     

Hence 6 2iz      or  6 2iz      
 

(ii)  3* 4 4 3 iw  
 

      
3 4 4 3 iw        

          
i 2

38e
n

    
   

          

6
i

38e
n    

        

      

6
i

92e
n

w
    

  ,  1,0,1n    

          

7 5
i i i

9 9 92e , 2e , 2e
   

      
 
 Method 2: 

  

          
i
38e


     

          
i 2

38e
n

   
   

          

6
i

38e
n  

 
        

     

6
i

9* 2e
n

w
  

 
  ,   

      

7 5
i i i

9 9 92e , 2e , 2ew
   

      
 
(iii) Since v is obtained by a counter clockwise rotation of the point 

representing  through one right angle about the point  on the 

Argand diagram, iv   is obtained by a counter clockwise rotation of the 

point representing 
2 iz   through one right angle about the origin. 

 3* 4 4 3 iw  

1,0,1n  

2z  0,1



  

 Hence 
 2i i iv z  

      

       
 i 4 4 3 i i  

 

       
 1 4 3 4i  

 

    
 1 4 3 5iv   

 
 

8 
(i)     Let Pn denotes the proposition: 

cos
n

nx
u

n
  for all n � . 

         For n = 1, LHS = 1u  = cos x  = RHS. 

         So P1 is true. 

         Assume Pk is true for some k � . That is, 
cos

k

kx
u

k
 . (IH) 

         We need to show that assuming that Pk is true, then Pk+1 must also be true. 

That is, we must show  that 
 

1

cos 1

1k

k x
u

k





. 

         For 1n k= + ,  

         LHS   = 1ku +  = 
 

1 1
2 sin sin cos

1 2 2k

x
u k k x kx

k k

         
 by r. r. 

                    = 
 

cos 1 1
2 sin sin cos

1 2 2

kx x
k k x kx

k k k

         
 by (IH) 

                    = 
 

 

1
1 cos 2 sin sin cos

2 2
1

x
k kx k k x kx

k k

     
 


  

                    = 

1
cos 2sin sin

2 2
1

x
kx k x

k

   
 


                      

                    = 
 cos cos 1 cos

1

kx k x kx

k

    


    (By Factor Formula)                    

                    = 
 cos 1

1

k x

k




 = RHS 

        Thus Pk+1 is true. 
        Since P1 is true and Pk is true  Pk+1 is true, by MI, Pn is true.    
 

(ii)   
4

1

1
cos

2

N

n

n

n



=

æ ö÷ç ÷ç ÷çè øå     

        = 


0 0

1 1 3 1 1
cos cos cos cos 2 cos 2

2 2 3 2 4 4
N

N

 
  


+ + + + +     

        = 
1 1 1 1 1

2 4 6 8 4N
- + - + - +  

  

  

  

  
  

 

 



        = 
( )2

1

1

2

nN

n
n

=

-
å  = 

( )2

1

11

2

nN

n
n

=

-
å . 

 

(iii)  By (ii), 
1

1
cos

2
n

n

n


¥

=

æ ö÷ç ÷ç ÷çè øå  = 
( )

1

11

2

n

n
n

¥

=

-
å    

                                              = 
1 1 1

1
2 2 3


æ ö÷ç- + - + ÷ç ÷çè ø

  

                                              = 
1 1 1

1
2 2 3


æ ö÷ç- - + - ÷ç ÷çè ø

  

                                              = 
1

ln 2
2

-   

         by putting  x = 1 in the Maclaurin’s expansion of ( )ln 1 x+  in MF15 which 

gives 
1 1

1 ln 2
2 3

- + - = .                            

 
9 A direction vector parallel to l3 is given by  b a     
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Equation of l3 is 
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r , where � .    

 

Clearly, the direction vectors 
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 are non-parallel. Hence the two 

lines are not parallel.         

Equating 
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there are no unique values for and   that satisfy the 3 equations. Therefore l3 
and l4 are skew. 
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Vector normal to both l3 and l4 is 

1

0

3

 
 
 
 
 

, which is direction vector of l5 
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Vector normal to plane containing l1 and l2 is 
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Let required angle be  . 

Using 
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Equation of tangent: 
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At P, 
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  .  Equation of tangent at P:  2 3 2 3y x    

At Q, 
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  .    Equation of tangent at Q:  2 3 2 3y x     

The 2 tangents meet at R:    2 3 2 3 2 3 2 3x x       

 
                                                      x =1 and y = 4 



 
Hence the y-coordinate of point R is 4. 
 

Equation of tangent at P:  2 3 2 3y x    

At y = 0, 
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