2014 MJC H2 MATH (9740) PAPER 1 JC 2 PRELIMINARY EXAM SUGGESTED SOLUTIONS

Qn | Solution

1 Mathematical Induction

Let P, be the statement Z 27713

r-1 1 1[1
= 3 4 4

When n 1

RHs_l_l(lJ(0+n:ozLHs
4 43

. By is true.

rl3Ir 4 4\ 3

To show that B 41
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(3(2k +1)-4k)

k+1

(6k +3—4k)

k+1

(2k +3) = RHS

e i L e

N, DNPFP NP, DN
Wk, Wik Wik, Wl

Thus B, istrue = B is true.

ne]®

j (2n+1) for nen ™

Assume By is true for some k e[1 ", i.e. - 1—E—E(EJ (2k +1)

Since P, istrueand B istrue = B4 is true, by mathematical induction, B, is true for
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Qn | Solution
2 | Functions
(i) oy
| y=f(x)
i — X
oo 4
Lo 2] DN :
Since any horizontal line y =k,k €[] cuts the graph of y =f(x) at most once, f is a one-
one function and hence f * exists. OR
From the graph above, y = f(x) is strictly decreasing on its domain —1< x <1, fis a one-one
function and hence f * exists.
If no graph:
f'(x) = —li <0 forall -1<x<1, hence y =f(x)is strictly decreasing on its domain
+ X
—1<x <1, fis a one-one function and hence f * exists.
i
(i) Letyzln(ij
1+x
1 _y
1+x
x=e7Y-1
At (x)=e*-1
D+ =R =[~In2,0)
flixe™ -1 xell, x>-1In2
(iii) | (a)

For fg(x)=x to be true, it implies that g(x)=f"(x),
Therefore g(x)=e"* -1

(b)
gf(x)=(x+1)2
= of (F(x)) = (" (x)+1)

=g(x)= ((e‘x —1)+1)2 —e 2

2
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Solution

Recurrence Relations

(i)

x—In(x+2)=0
Using GC (graph), « =-1.8414 and £ =1.1462

(i)

Asn—>o,Xx —>L X ,—>L
L=In(L+2)

—e-=L+2

n+1

=L+2-e"=0

S~ L=aorL=p
Since the sequence is positive, L>0, L= 2.
Therefore the sequence converges to £.

Note: A positive sequence can converge to zero it is not correct to say L > 0.

(i)

For x, =2, the sequence decreases and converges to S =1.1462.

(iv)

When x, > g, from the graph,
X,+2—-e" <0

=X, +2<e"

= In(x, +2)<x,

=X

<X,

n+1
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Qn | Solution

4 | Graphing Techniques
(i)

(ii)

Least value of k =a
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Qn | Solution

5 | Maclaurin Series & Binomial Theorem

y =cos™(2x)
Cosy =2x
Differentiate wrt X,

—sin y% =2
X

Differentiate wrt X,
2

d’y dy dy
—sin cos 0
MY dx( ydxj

2

d dy )’
sin yd—¥+2x(dij =0 (proven)

Alternative Method (not recommended)
y =cos ™ (2x)

Differentiate wrt x,

dy -2

dx  1_ax
N g_y _ 2
X

Differentiate wrt X, 1

Jﬁdy dy  —8x
dx®  dx 21— 4x2

d’y dy -2 ,
siny—+— 2x)=0 =
dx?  dx J1-4x? ( ) Using cosy =2x
2 2 . 2
sin yd—¥+2x(d—yj =0 (proven) siny =V1-4x
d dx
(i) 2
sin yd—y+2x(dy] =0
dx? dx
Differentiate wrt X,
3 2 2
sinyd¥+cosydydz’+4xdydy Z(d—yj =0
dx dx dx dx dx® dx

P dy d dy )’
sin yd—)g+(cosy+4x)d—id—)g+2(d—ij =0

When x=0,
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—sm(fjdy_Z Q_ =-2
2 )dx dx -1
2 2
sm(—jdz 2(0)(-2¢ =0= 1Y -9
X X
3y d3y
sin| — |—=+| cos—+4(0) [(-2)(0)+2(-2) = —=-8
(Z]E %4 cosZra(0)J-2)(0)+ 22 =
T 4 3
L o2
y X 3x +
(i) | cos™(2x)

(7 o N1o3x) 2
ﬁ_[Z 2X + J(l 3x)2

:[£—2x+--~j(l+§x2+...j
2 2

T 3
= 22X+ =X ...

2 4
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Qn | Solution

6 | Differential Equations

Q) %:X k 1000_5000
dt t t+5

ﬂ_tg;[(—(x K)
dt t?
tzd—y:t(x K 1000—Mj—(x—k)
dt t t+5
5000t

t+5
(2 dy _ 1000t(t-+5)~ 5000t

dt t+5

dy 1000
dt  t+5

t? dy =1000t —
dt

(shown)

(iii) | Integrating both sides wrt t,

_j@dt_1000|n|t+5|+c

X—k

— =1000In|t+5|+C

x =k +1000t In |t + 5]+ Ct
Since t >0, x=k+1000tIn(t+5)+Ct

When t=10, x=k

K= k—1000|n(10+5)+C:>O 1000In15+C = C =-1000In15

X =k +1000t In (t +5) — (1000In15)t = x = k +1000t In(t1+55j

t+5
Consider the graph of X =k+1000tIn (f) for t>0.

XA

x>0

k-2056.3>0
(4.395 , k — 2056.3) k > 2056.3

»
»

The minimum initial number of trees is 2057.

In order for the trees not to become extinct,
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Qn | Solution
7 | Vectors + System of Linear Equations
_ 1
M) p,:rj -51=13
2
2
p,:r -1|=-1
-5
Let the acute angle between p, and p, be 4.
1)(2
5[] -1
2 ){-5
COS@—W
ezcos‘l(ij
30
0 =84.261°
5.0=843°
(i) | p,:x-5y+2z=13
P, 2Xx—-y-52=-1
let z=a,aell , X= -2+3«
y= -3+«
X —2+a -2 3
y|=|-3+a|=|-3|+c|l
z a 0 1
-2 3
Vector equation of line I:r=| -3 |[+a|1 |, aell
0 1
(iii) | For p,, p, and p, to meetintheline I , | liesin p,.

Since | lies in plane p,, the direction vector of | is perpendicular to the normal of ps; and any
point on line | will satisfy the equation of the plane ps. Thus

A 3
4 |01|=0=3A-4+1=0=>1=1
1 1
-2\(1
and (—2,-3,0) satisfies equation of p,ie. | -3 [] -4 |=u
0 )\1

(-2))~(-3)(4) == =10
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soa=1
1 =10
(iv) | The three planes p,, p, and p, form a triangular prism and do not have a common point of
intersection.
I is still perpendicular to the normal of p3
SoA=1
but (—2,-3,0) does not satisfies equation of p, .. x#10
Qn | Solution
8 | Complex Numbers 2
2°—(-2+2i)=0
a :
@ 2°=-2+2i
E71'i
2° = f8e*
. (3
iz| =+2k
7° = /8e (4 j
1 i%(%ﬂk]
z=8Ye where k =-2,-1,0,1,2
11 1 13, 1o 119,
_glg 207 glog 4  glog2 glog2  glog2
1 13. 1 1. 1 3. 1 11 1 19.
— iz — —ir — iz — i — —ir
Hence the roots are 8'%¢ 20 | 80e 4 | 80e20  8l0g20 = 8We20 |
1o
810620
/”‘_q_—_~ss‘\
1 19 ’ ‘Il 2?” \\‘ 1 35
= izt I 1 \ 81020
10020 @ ___ ' 8 _.-®
B A AN Re
I KO \\ Ay 1 >
' 1o i
\\\./// /,’i *liﬁ
RS e 10p 4
1o el - 8¢
8l0p 20 .
(b) ¢ -i? . . .
e?2—-e 2=|cos—+isin— |—| cos——isin— |=2isin— (shown)
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2
0 .. 0
COS—+1SIn—
10772 2

2i

.0
sin—

i( 0 ]
=—| cot=+i
2 2

_1(jcot? -
—z(lcot2 1) (shown)

Qn | Solution

9 | Definite Integral

(i)
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o

(i)

Required area _f (1) dx

N [EPTREER
=—[2x- 'nlx—ll]§ +[2x=Injx-1];
R N
=—(%—|n2)+[1—|n2]

=—%+In2+[1—|n2] =

N |-

1

)

(i)

Need to find the equation of the reflected portion of the graph:

e,

1

— =2+
x—1 Y

x:i+1
2+Yy

. 3Y of 1 Y
Required vol =7Z'(Ej (2)—7:[0 (ry +1j dy

=271
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Qn | Solution

10 | Tangent and Normal — Parametric Equations

(i) y

X

~N
I

x=c0s’ 0,y =2sin* @

-2

i in2
(i) dy _ 6sin 2eco_se — otan
dx —3cos“0sind

(iil) | Equation of tangent at P(cos’t, 2sin’t) is
y—2sin’t = —2tant(x—cos’t)

At x =0,
y =—2tant(—cos®t) + 2sin®t

=2sintcos’t+2sin’t

= Zsint(l—sin2 t)+23in3t
=2sint

Aty =0,

—2sin®t = —2tant(x—cos’t)
x(2tant) =2tantcos’t+2sin’t
x(2tant) = 2sint

Thereforea=1

Coordinates of U and V are (cost,0) and (0,2sint)

(V) Midpoint of UV is [C(;St , Zs;ntj:(cozst ,sintj

=&St, y =sint
2
2x =cost, y=sint
cos’t+sin’t=1
Ax* +y* =1

where 1<y <0, 0<x<0.5.

Therefore, cartesian equation of the locus of the mid-point of UV as t varies is 4x* +y? =1
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11 | Summation & Integration

ai | LHS= (k +1)'k—k!(k—-1)
—Kk!(k(k+1)— (k1))
=kI(k? +1) = RHS

O S <2 = Sk D1k —k1(k=D)]

: — 241~ 11(0)
+%

+41(3) - 3

+(n+1)In—nl(n —- )

=(n+1)!n
(i ni(kﬂ)!(kz+2k+2):k_lzn_l(k—1+1)!((k—1)2+2(k—1)+2) (replace k by k —1)
= S KI(K? +1)
=3 KI(K? +1) —11(12 +1)

=(n+1)In-2

Alternative Method: (Strongly not recommended)
Result: D kI(k*+1) =(n+1)In
k=1

Replace k by k +1,

k+1=n

> (k+1)!(k +1)" +1) = (n+1)!n

k+1=1

n-1
= > (k+1)I(k* +2k+2) =(n+1)!n
k=0

o

n—.

(k+1)!(k* + 2k +2)

g

S X
| |
NN

=> (k+1)1(k* +2k +2) - (0+1)!(0° +2(0) +2)

=

S
o

D kI(k?+1)-2

N

k
=(n+1)In-2
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(b) 1 24—1 i+1 Mﬂ
(i) | A==|e" +e" +..+e " +e’
n_
e[ 2 4 2(n-)
==|e"+e"+..+e " +e2}
n_
2 2\ |
:% — (Applying GP sum formula)
1-en
- » N
en (1-e?
_& ( > ) (shown)
M 1_en
(i) | Asn— o0,
1
A_)J'le2x+l dx = £62x+l
0 2 0
L L,
2 2
_8(a2
E(e -1)
(iii) | Since the sum of the area of rectangles is an overestimate,
2
en (1—e?
el e ()| ey
n = 2
1-en
2
en(e* -1
£ (2 ) >E(e2—1)
n = 2
en-1
2
en 1 . 2 - - 2
=55 (+e(e?* —1) on both sides since e(e* —1)>0)
n{e“—lJ
k=1
2
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