2014 H2 Mathematics C2 Prelims Paper 1 Solutions

Qn

Solutions

1.

Let $ x be the price of tiger prawn per kg,
let $ y be the price of brown prawn per kg and
let $ z be the price of king prawn per kg.

1.2x+2y+1.52=76.53 ————-()
x+y+2z=71.50 ———=(2)
2x+2y+z=72.50 —-———=03)

From GC: x=9.65, y=14.85, z=23.50

du
dx
Limits: when x=0,u =1,and when x=1,u=0.

Therefore I x"(1-x)" dx= _[10(1—“)" u" (—du)

1
0

From u =1-x, =-1.

1 nom
=I()(1—u) u" du
1

=| (1-x)" x" dx (by a change of dummy variables)

0

By substituting n=2 and m =% into the previous result:
1 1 1 , L
I()xz (1-x)2dx= J.O(l—x) x? dx
1
211(1—2x+x2)x2 dx
0
1 3 5

1 = 2 2
=J.0x2 —2x%+x2 dx

3 5 77
— gx2 _ixz +zx2 :—16
37 57 77 ] 105

LetP(z)=2"-2z"+az+1+3i
=P(i)=-1-2-a+1+3i=0

=a=-2+3i

Use long division or by comparing coefficient method,
P(z)=2"-2z2+(-2+3i)z+1+3i
=(z-i)[ &’ +(-2+i)z-3+i]

—(<2+i) £ (<2+i) —4(-3+i)

7+ (2+i)z-3+i=0=z=

2

2-i)+(4-i
:>2=L2(1):>z=—1 or3-i

Method 1 (Algebraic Method)




x+6
>x+1
x—

x+6—(x+1)(x-2) 50

x=2 B
2

X" +2x+8 >0

x=2

2
x —2x-8 <0
- +

x—2
I Gl (G .

x—2
Therefore x<-2 or 2<x<4

Method 2 (Graphical Method)

YO (ee1)20

SLx<-2 or 2<x<4

Replace x with —.
X

l+6
a1 I ey
1, x 1-2x  x

X
Using the previous result = —<-2 or 2<—<4
X X

:>—le<0 or le<—
4 2
2
+ab+§a2

5. 2
Area :lfr[gj +ab+%a2 sin60° =




wa’ 3

Thus +ab+—~——a* =400
8 4
2
Ta \/g 2
400 - -——a
= b= :400_£a_£a ___(1)
a a 8 4

Perimeter, P =2a+2b+ za

Sub (1) =2a+2 @_Ea_ﬁa L
a 8 4 2
4 2 a
P _,, 7 N3 800
da 4 2 a
When S5 =0, =2 £_£_8020=0
a 2 a
o 800
2+£—£
4 2

=20.416=20.42 m (correct to 2 d.p)

b= @—%a—ga =2.735=2.74 m (correct to 2 d.p)
a

Check for minimum using 2" derivative test:
d’P 1600

da® a’

>0 .. P is minimum.

6(a)

The decrement follows an AP with first term 60 and common difference —5

Thus area of the island




= 3000—%[60x2+8(—5)] =2640 km’

6(b
((i)) The decrement follows a GP with first term 60 and common ratio %

5 n
60| 1-| —
6 5 n
———F==360-360| —
5

1-=

6

So total decrement S, =

6(b) |3000-S, <2720
(1) 5
= 3000{360—360&) } <2720

= 360 (%j <80

n 39

> 360 _grs
5
In—
6

Thus at the end of 2023 the area will first fall below the stated amount.

6(b) | Method 1
(ii1) 60 . . .
As S = —5= 360, and r is positive, thus the area decrement will always be

1-=
6

less than 360.

Hence the area will always be greater than 3000—360 = 2640 km’

Area of the island =3000- S, =3000— {360 -360 (%j }
5 n
=2640+ 360(8) > 2640 for any n.

Thus the area will always be greater than 2640 km’

(a) | Using cosine rule,




-+ (V2) =2(0)(V2)os| -
3- 2\/5 cos—cosx+sm%smxj

( ——COSX+—F/—= SlH xj
(O]

x—sinx)

§|

3-2

2 3
B =342/ 1-2 —x+ X |=5-2x—x +lx3
2 3! 3

3 2

) X X

Use sinx=x—— and cosx=1——
3! 21

7(b)

—r———————

From cos y = hx + kx’

Differentiating w.r.t x: —sin y% h+2kx.

2 2
Differentiating w.r.t x: —sin y%—cos y(—yj =2k

Method 2 (Direct Differentiation)
From cos y = hx+kx* = y=cos™' (hx+kx2)

—(h+2kx
Differentiating w.r.t x: Q: (f+2k) =
\/1—(hx+kx2)

Differentiating w.r.t x again:

2 2
~ (h+2kx) (hx+k2x )_2k R
&y 1-(hx+kx?)
dr’ 1-(hx+ke?)’
When x=0, y—z Y =—h and ifz—%.
27 dx dx

Maclaurin series for y = %— hx —kx* +

7(b)

Replace y with y+2, therefore the required series expansion is

T
=——2—hx—kx’.
Y 2




8(1)

Using ratio theorem,

OB = 40A+0X

= OX =50B—-40A=5b—4a

I
P

™y

A
1

Since ACXY forms a parallelogram, we have AC=YX
= 0Y =0X - AC
= 0Y =(5b—4a)-b=4(b-a)

Since OY =4(b—a)= OY =4AB
= OY is parallel to AB=> OABY is a trapezium.

8(ii)

As b is a unit vector, thus |(a +b)- b| is the length of projection of OC onto

OB.

8(iii)

Area of ACXY

=‘R‘xﬁ
1
~ [bx(4b—5a)| Area ofOAB:E|b><a|:l
=5[bxal = [bxa|=2
=5x2=10

Let the shortest distance be d .
Then area of ACXY = ACXd and AC=0B=1.
Therefore, d =10.




931) £
0) X
9(ii) dy
EZCOSI,QZZCos% :ﬂzﬂzm
dr dr dx dx  cost
dr
Coordinates of P are —l, - ﬁ
2 2
. 2
Gradient of tangent at P = N
. 3
Gradient of normal at P = -
Equation of tangent at P is +—3 —i(x+lj
q g y > 3 5
el B2
V3B 2 B 2B
Equation of normal at P is y+ ﬁ = _ﬁ X+ l
2 2 2
V333
- y =X ——
2 4
9(iii) | When x=0, X
Q=(O,_—1J and R = 0,ﬂ .8 >
23 4
Also, S=(_—1,oj, 0
2
Area of quadrilateral PROS

P
= Area of trapezium = %(%j(PS +0OR) \

R
_1(V3.3s 1 )13 or 0469 (3 s.£.)
2 4 23

163

4




10(1)

Let P(n) be the statement u, zﬁ, nx1.

When n=1, LHS =u, :%, RHSZ% P(l) is true.

Assume P(k) is true for some k >1,i.e. u, =

Prove P(k+1) is true:
LHS of P(k+1)=u,,,

=u, +% —_— Using recurrence
2 relation
ko 1-k
- ok Tkl T —
dk+1—k Using assumption
=
:];ZII:RHS of P(k+1) .. P(k+1) is true

Since P(1) is true and P(k) is true implies P(k+1) is true, by mathematical

induction, P(n) is true for n>1.

10Gi)

n
As n— w’? — 0 Thus the sequence converges to 0.

10(iii)

N N

> =2 (.-

n=1 n=1

N+1 1

= -, =———
N+1 1 N+1
A

+u

N+l

10(iv)

1-n 1 1 n 1 1
= . = . un
2n+l 211+1 2 211 2n+l 2

; 2n+1 _Z(zn-ﬂ __un)
o1
jzu _2[2 2n+1 2n+1:| ( )

Since

n=1
M N Use of GP sum
12(1_(1) ] formula
_o| 2 2) ) N+l 1
1_1 2N+1 2
2 Use result in (iii)

1 1”+l N+ 1 N+2
- 2N+1 2 2




11(1)

0

x=0

To obtain x -intercepts, let y=0
= (Inx)" =1

=Ilnx=%1

=x=¢ ore’

To obtain the turning point, find % =2Ilnx.

Letg=0:>2lnx=0:x=1
dx

Thus coordinates of turning point is (1,-1).

11(ii)

Area of region R

:J‘i1 —((lnx)2 —1) dx

= —[x(ln x)z]ei1 +r 282 de+[x]
e -1 X ¢

€

:—(e—e"l)+2[[xlnx]zl _J.:lldx}"(e_e_l)
e )affere e Polone)

=4e™!

11(iii)

Make x the subject:
y=(Inx)’ -1
=>hx=%y+1

ty+l

=>XxX=¢

Thus the volume obtained
0 2 2

-y j (e””) —(e"’”l) dy=122 (to3s.f)
-1

12(a)
(1)

d| dx d’x dx
ala ety )
dr| dt dr dr




2
Notethattd—f+%=4t—1:>£[z%}:4t_1
de” dr dr| dr

Thus t%: I4t—1 dr
dr

:3;95—2ﬁ—r+c ------ (%)
dr
:%=2z—1+£
dr t

= x=t*—t+Clnt+ D where C and D are constants.

When r=1, x=2.
D=2

= x=t"—t+Clnr+2

12(a) X
(i1)
/ \ All the solution
=0 curves intersect at
t=1(x=2)only
12(b)

®

dx
Let d_ = ax—bx* where a and b are constants
t

When x = 6,% =0.
dr

0=6a-36b=a=6b

% = 6bx—bx’
dr
:;ﬂ:kx(6—x) where k = b.
1

12(b)
(ii)

10




Integration Method 1 (Use Completing the square)

DJ‘WI—SZ dx:kjdt

3+(x-3)

3—(x—3)

Integration Method 2 (Use Partial Fractions)

3ljl+ ! dxsz‘dt
6Jx 6—x

In =kt+C

1
:>_
6

é(ln|x|—|6—x|):kt+c
— Al PRI
6—x
— X _Aeﬁkt
—Xx
6kt
:>x:6Ae6k’—er6k’:>x:6A;c6kt
1+Ae
1 6kt
When 1=0,x=1, » A=+ = x=0%
5 5+e

12(b)
(iii)

Let ngzkx(6—x)
dr

Greatest/Least growth rate occurs when % =0
=6k -2kx=0=>x=3
Since d_ kx(6—x) is a quadratic expression where the coefficient of x* is

negative, the growth rate is the greatest when x=3 and 1 =6.

6e36k
- 5+
=¥ =3
_In5

—k=22_004471 (t05d.
v (to5d.p)

11




