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Area of AOAB :%|a><b|

Area of AMNS
MS x MN

2a+4b b—a

J |(2a+4b)x(b—a)|

j |(2axb)+(4bxb)—(2axa)—(4bxa)|
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ratio of the area of triangle MNS to the area of triangle OAB
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In APAB, cost9=ﬁzz s x=/cos@
AB /¢
S:lxzsinﬁ
2
1 2 .
:5(60039) sin @
:lﬁz(l—sinzﬁ)sinﬁ
2

= %62 (sin 6 —sin’ 9) (shown)

S zéfz (sin 6 —sin’ 9)

ﬁ:lﬁz(csost9—3sin2t9cost9)
dg 2
=%€2c0s9(1—3sin29)
ﬂz0 = lfzcostﬁ?(1—3sinzt9):0
do 2
1 1
cos@ =0 (rejected) or sinf=— or sinf=—— (rejected)
1) \/5 \/§ 1)

since 0<6’<%

B _1 12 coso(1-35in’ 0)

dg 2

4’ :lfz{(cos 8)(—6sin@cos ) +(1-3sin” §)(-sin 9)}
de’ 2

= —%fz sin@(6cos” @+1-3sin” 6)

_ _%gz sin@(9cos’ #-2) or —%zz sin@(7—9sin’ )

2
When sin&zL, coszﬁzg, d §<
NG 37 de
. S is max when sintS’zL3

max S:lgz[L_Lj:lgz(sz:igz
2 3 33




dy 6-2y
dx  cos2x

cos Zxﬂ =6-2y
dx

Differentiate w.r.t x

2
cos Zxd—g +ﬂ(—2sin2x)= b
dx= dx dx

2
cos zxd—,f + D (2 -26in2x)=0
a  dx
Differentiate w.r.t x again
3 2 2
cos zxd—§ +d—§(—2sin 2) + % (“cos2x) + (2~ 2sin 2x)d—3) =0
e dx dx dx

2 3
dx dx X

Using Maclaurin’s theorem:

X
=l-x+—-—+
3
1—sinx X2 3
=secx—tanx=1—-x+——-——+....
cos X 2 3
2 3
tan2x—sech=—(1—2x+%—8%J

Substitute power series into f(x) =a(tan2x—sec2x)+b
and compare coefficients of constant term and term in x
b-a=1, 2a=4 = a=2 and b=3
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7 =+2e [ 12 j,kzO,il

5l il g
)

ey
Hence, remaining roots are \/Eel

{57
and 2e' .

(ii)

Since 1+1i is a root of the equation 2w +aw? +bw—2= 0,
2(1+i) +a(1+i) +b(1+i)-2=0
2(-2+2i) +a(2i)+b(1+i)-2=0
(b—6)+(4+2a+b)i=0+0i
Comparing real terms, Comparing imaginary terms,

44+2a+b=0
_—b-4

a —_—

b—

6=0
b=6

(iiii)

Since polynomial equation has real coefficients, 1+1i and 1—i are roots to the
equation.

2w =5w? +6w—2=(w—(1+i))(w-(1-1))(2w—A)
Comparing constants,
—A(1+i)(1-i)=-2
Af1-i?)=2
A(1-(-1))=2
A=1
2w 5w +6w—-2=0

(v () (=0 -)) =1 =0

w=1+1, 1-i,

5(3i)

The vector parallel to both p, and p,
-2 2 -1 1
0 X1 |=2|=2
1 -2 -2 2




S(ii)

all 0 |=4 al 1|=6

B\ 1 B)\-2

10+ =4 —10+a—-28=6
L=—-6 a=6+10+2(-6)=4

The vector equation of the line in which p, and p, intersect is
-5 1
r=| 4 [+0]|2
-6 2

,0eR

Vector equation of the line in which p, and p, intersect must be perpendicular

to the normal of p,

1

21 4

2

-6
=0
A

—6+8+24=0
A=-1

The point (-3, 4, -6) must not be on p,

-5) (-6
u#| 4 || 4 |=52
%) 1

3¢?

X—C

2 2 2 2 2
x —4c x —c" =3¢
= = =x+c—

X—C X—C

Equations of asymptotes are y=x+c, x=c¢

When x =0, y=4c
When y =0, x=12¢

x> —4c?

X—C




6(i) | For x* —4c® =k(x—c) to have two distinct positive roots,
set of values of k = {ke R:k > 4c}

x+c x+c (x+2¢)-c

6(ii 5 2 42
(ii) y=4x(x+4c):4{x +4cx}:4{(x+2c) 4c }:4f(x+2c)

A sequence of transformations are:

(1) a translation of 2¢ units in the negative x-direction,
followed by

(2) a stretch/scaling with scale factor 4 parallel to the y-axis.
OR vice versa

6 iii 2_ 2 2 2
((a)) y:f(x):x 4e =x+c— 3¢ :>y:f'(x):l+ 3¢ >
x—c x—c (x—c)

y=1"(x) y 4

(0.4))
R o y=1
o0 ixzc x'
6 (iii) _x—c 1
b [ P74 f(x) Y4 i
N\l
y=0 | - R
0| \(e0) x
i x=-2c i x=2c




6 (iii) 4t -x xP-4c
¥ O

= r(-})

Y A

(0,4c¢)

\\\ C (20,0)

v

7(a) Let P(n) be the statement

n 1 1 1
=== for all positive inteer .
;r(r+1)(r+2) 4 2(”+1)(n+2) or all positive integer n

1
(r+1) (r+2) 1(1+1)(1+2) 6

1 1
4 200+1)(1+2) 6
LHS =RHS ...P(1)is true.

RHS =

1
When n=1, LHS= ) = ! =
rlr
1
4

Assume that P(k) is true for some positive integer k, i.e.,

“r(r+)(r+2) 4 2(k+1)(k+2)

K+l 1 1 1
T P(k + 1) is true, i.e., 4 ’
o prove P( )1s true, i.e ,Z::‘r(r+l)(r+2) 4 2(k+2)(k+3)

LHS =

o r(r+1 (r+2)

>~

1
)
1 1
Fr1)(r+2)  (k+1)(k+2)(k+3)
1 1
T2k 1) (k+2)  (k+1)(k+2)(k+3)

k+3-2
C2(k+1)(k+2)(k+3)

k+1

C2(k+1)(k+2)(k+3)

1
T4 2(k+2)(k+3)

Since P(1) is true and P(k) is true = P(k+1) is true, by the Principle of
Mathematical Induction, we conclude that P(1), P(2), P(3), ... are all true.

-
LI

by assumption
(by ption)




Hence P(n) is true for all positive integers.

Sn+3 _ a N b
n(n+1)(n+2)(n+3) n(n+1)(n+2) (n+1)(n+2)(n+3)

a=1, b=4

S5r+3
Z1“1’(;’+1)(r+2)(r+3)

g 4
:Z (r+1)(r+2) (r+1)(r+2)(r+3)J
| ,,
A D)(r+2) J”Zl( 1) r+2)(r+3)j
n 1 n+l 1 1
2 (r+1)(r+2)J+4{,Z=:‘£r(r+l)(r+2)j_1(2)(3):|
1
)

L 4{1_ ! _1}
"4 2(n+1)(n+2) |4 2(n+2)(n+3) 6
7 1 2

12 2(n+1)(n+2) (n+2)(n+3)

Il
aMs

7(b)

1 1 (n+2)-(n-2) 4 4

n-2 n+2 (n+2)(n-2) (n+2)(n-2) n’-4




r=3

_l n 4
4= (r=2)(r+2)
_l”( 11 j
4=\r—=2 r+2
1
1
-
+__
2
-
+__
3
1
+__
3
43
1 +é\—¥&
4
1 1
+ a—
n-— n-—
1 1
+ —
n-— n—1
1 1
+ —_——
n-— n
1 1
+ a—
n-— n+l
1 1
+ —
n-— n+2
1, 1 11 1 1 1 1
=—|1l+—+=-+—- - -
4] 2 3 4 n-1 n n+l n+2
25 1| 1 1 1 1
=—-— +—+ +
48 4{11—1 n n+l n+2}
When 1 — oo, ! —0, 1%0, ! — 0, !
n—1 n n+1 n+2
R
Therefore the series Z > converges.
r=3r_
| 25
Z 2 -
r-—4 48

—0..

8(1)

The acute angle between p, and p,




=7\ (-1
4 -1 2
=cos™' 4 2
NP+ 4 + 8P +22 422
=74.97°=75.0°
8(ii)
1 1
0| is a point on D - 2 | is a point on D.
0 0
1 1
Let point D be | 0 |. Let point Cbe | 2 |.
0 0
AD=0D-0A AC=0C-0A
1 2 -1 1 2 -1
=10|-|a|=| -« =2|-|o|=| 2~
0 3 -3 0 3 -3

Perpendicular distance from A
o p

@.(}]

V2422422

JP+22+2

_ 1+2a—6‘
Vo

_|-5+2¢

Perpendicular distance from A
to p,

=7
AC| 4
4

N7 +42 442

NP +4 + 4

__7+8—4a—11
V81

3—4¢

9
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[=5+2a]|_|3-4q|
3 1] 9 |
—5+2a:3—4a —5+2a: 3-4a
3 9 3 9
-15+60=3-4c —15+60=-3+4c
10r=18 of 200=12
10 5 5 2

8 i)

Let M be the position vector of the foot of perpendicular from B to p, .

Equation of line segment BM

0 -1
r=|1[+4| 2
2 2
When line segment BM intersects p, .
“A ) (-1
1-24 || 2 |=-1
2+424)\ 2
A=2+44+4+4A=—1
A=-1
3
1
— ]
~OM=—5
3
4

Let point M’ be a point in plane p; such that MB=BM .
MB=BM"
OM '=20B-O0M

0 . 1 . -1
oM 3 3
2 4 8

Equation of plane p;

-1 -1) (-1
r| =2 21 1||-2|=5
3
2 8 2
—x—-2y+2z=5

11



dx

93 x=2t > —=2
(@ o Cdy_ 1
2_ b2 S r
Y d
. 2). 2 1
Equation of tangent at 2t,7 is y—==-—=(x-21)
t t
S L
TR
. dy 1 dy
O(ii Since —=——, ast—>too, ——>0
(i) dx £’ dx
Tangents to C become parallel to the x-axis, hence
Normals to C become parallel to the y-axis.
OR  normals to C become vertical lines.
9(iii) | Equation of tangent at Pis y = —sz +—
p p
Equation of tangentat Qis y=——x+—
q
AtR,
1 4 1 4
Xt —=——x+—
p p q q
,{L_L]_i_i
¢ p) a r
2 2 _
x(p 4 }4(19 qj
P9 rq
= 4pq (shown)
rP+q
1 (4 4 1(4 4
=__2( rq }_ yz__z( rq }_
p\ptq) p qg\r+tq) q
:i(l_ij OR :i(l_Lj
p ptq q ptq
4 4
ptq ptq
4 4
Ptq prtq
Cartesian equation of locus of Ris y=x
9(v) '

y 4

v

12



R R

2dt ————
25 25

24
:[4ln|f|]z <

_rg 42 78
5t

=8ln2—ﬁ
5
10 y=Inx
® lay 1
dr x
dx=xdy
dx=e’ dy
J(lnx)z dxzjyzdx
= j y’e’dy (Shown)
I(ln x)2 dx:_[yzeydy
=y’ —Iey (2y)dy
=y’e’ —2J.ey(y)dy
=y’ —Z[ye —Iey (1)dy}
:yzey—Z[yey—ey]+c
:e}'{y2—2y+2}+c
:x{(lnx)2—2(lnx)+2}+c (Shown)
10
(ii)
(@) XT
: > X
0 1 e 3

13



2

Volume = JZ'JT (Inx) dx
S Jr[x{(ln x)’ =2(In x)+2}}
7:[(e(1)2 —2e+2e)—(2)}

7 (e—2) units’

&

1

10
(ii)
(b) y
A
___________ 1 g,
5 ; 5 L,
3 ed -1 0fe2 1 e 3 a4
Method 1:
4 e 2
[,f(x)dx=3["Inxde+ [ Inxde
=3(1)+0.3863
=3.3863
=3.39
Method 2:
4 e 4
[, f(x)dx=3["Inxde+ [ In(x—2)dx
=3(1)+0.3863
=3.3863
=3.39 (3s.f)
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