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1 Referred to the origin O, the points A and B lie in the same plane such that OA 


a and 

OB 


b. The point M on OA is such that OM : MA = 1 : 2, and the point N on OB is such 

that ON : OB = 1 : 3. The point S is on AB such that 5AS = 4SB.  

         Write down the position vector of S in terms of a and b. 

         Using vector product, find the ratio of the area of triangle MNS to the area of triangle OAB. 

 [5] 

 

2 P is a variable point on the circumference of a circle with diameter AB, and Q is the point 

on AB such that AQ AP . Given that angle PAQ   radians and AB   , show that the 

area S of triangle PAQ  is given by  2 31
sin sin

2
S    . [3] 

Use differentiation to find, in surd form and in terms of  , the maximum value of S, 

proving that it is a maximum. [4] 

 

3  The curve  fy x  passes through the point  0,1 and satisfies the equation 
d 6 2

d cos 2

y y

x x


 . 

Find the Maclaurin’s series of  f x , up to and including the term in 3x .      [4] 

 Using standard results given in the List of Formulae (MF15), express 
1 sin  

cos

x

x


as a power 

series of x , up to and including the term in 3x . [3] 

 Using the two power series you have found, show to this degree of approximation, that 

 f x can be expressed as  tan 2 sec2a x x b   where a and b are constants to be 

determined. [2] 

 

4 (i) One of the roots of the equation  3 2 2iz     is 1 i . Find the remaining roots in 

the form ier  , where 0r   and      . [3] 

 (ii) Given that 1 i  is a root of the equation 3 22 2 0,w aw bw     find the values of 

the real numbers a and b. [4] 

 (iii) For these values of a and b, solve the equation in part (ii), without the use of a 

calculator.  [3] 
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5 Planes 1p , 2p and 3p  have equations 

  2 4x z   , 

  2 2 6x y z   , 

  6 4x y z        

 respectively, where   and   are constants. 

         (i)  Find a vector parallel to both 1p and 2p . [2] 

     Given that the point with coordinates ( 5 ,  ,   ) lies on 1p and 2p , find  and  . 

Hence find a vector equation of the line of intersection of 1p and 2p . [3] 

         (ii) Given that 1p , 2p and 3p  form a triangular prism, what can be said about the values 

of   and  ? [3] 

 

6 It is given that  
2 24

f
x c

x
x c





, where c is a positive constant. 

 Sketch the graph of  fy x , giving the equations of any asymptotes and the coordinates 

of any points of intersection with the axes. [3] 

 Hence 

 (i) state the set of values of k for which the equation  2 24x c k x c    has two distinct 

positive roots, [1] 

 (ii) describe fully a sequence of transformations which would transform the graph of 

 fy x  to the graph of 
 4 4x x c

y
x c





, [2] 

 (iii) on separate diagrams, sketch the graphs of 

  (a)  fy x , (b) 
2 24

x c
y

x c





, (c) 

2 24c x
y

x c





, 

 giving the equations of any asymptotes and the coordinates of any points of 

intersection with the axes. [7] 
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7 (a)  Prove by the method of mathematical induction that 

   
     1

1 1 1

1 2 4 2 1 2

n

r r r r n n

 
    . [4] 

                  Express   
     

5 3

1 2 3

n

n n n n


  

  in the form 
      1 2 1 2 3

a b

n n n n n n


    
, 

                  where a and b are constants to be determined.  [1] 

                  Hence evaluate 
   1

5 3

1 2 3

n

r

r

r r r r


   . [4] 

           (b)  Show that 
2

1 1

2 2 4

C

n n n
 

  
, where C is a constant to be found. [1] 

          Hence find 2
3

1

4

n

r r  . (There is no need to express your answer as a single algebraic 

fraction.) [3] 

                 Give a reason why the series 2
3

1

4r r



   converges, and write down its value. [2] 

 

8 The planes 1p and 2p  have equations 

1

. 2 1

2

r

 
    
 
 

 and  

7

. 4 1

4

r

 
   
 
 

 respectively. 

 (i)   Find the acute angle between 1p and 2p . [2] 

         (ii)  The point A (2 ,  , 3) is equidistant from the planes 1p and 2p . Calculate the two 

possible values of  . [5] 

 (iii)  Find the position vector of the foot of perpendicular from B (0 ,1 , 2) to the plane 1p . 

Hence find the cartesian equation of the plane 3p  such that 3p  is parallel to 1p and 

point B is equidistant from planes 1p and 3p . [4] 
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9 A curve C has parametric equations 
2

2 ,    x t y
t

  . 

(i) Find the equation of the tangent to C at the point with parameter t. [3] 

(ii) What can be said about the normals to C as t  ? [1] 

(iii) Points P and Q on C have parameters p and q respectively. The tangent at P meets 

the tangent at Q at the point R. Show that the x-coordinate of R is 
4 pq

p q
, and find the 

y-coordinate of R in terms of p and q.  [3] 

It is given that 1pq  .  

(iv) State the cartesian equation of the locus of R, as p and q vary. [1] 

(v) Given also that 2p  , without finding the cartesian equation of C, find the exact 

value of the area of the region bounded by C and the tangents at P and Q. [3] 

  

 

10  (i) Using the substitution lny x , show that  
2 2ln  d e dyx x y y  . [1] 

  Hence show that       2 2
ln  d ln 2 ln 2x x x x x c    . [3] 

 (ii)  It is given that   

     ln    for 1 e,
f

0       for e 3,

x x
x

x

 
   

  

and that    f 2 fx x   for all real values of x.  

(a) The region bounded by the curve  fy x , the x-axis and the line ex   is 

rotated through 2  radians about the x-axis. Find the exact value of the volume 

obtained.  [2] 

(b) Sketch the graph of  fy x  for 3 4x   . [2] 

 Hence find  4

3
f dx x

 .   [3] 

 - End of Paper - 

 

 


