Functions play a vital role in mathematics. It ex

across functions in everyday life. For exa;

essentially using a function to de hee s®p between distance and time. Functions also help us make
predictions and solve problems, the future value of an investment based on certain variables.
Understanding functions allows us to anal @e patterns and make informed decisions in a variety of fields, including
economics, physics, and computer s

In this chapter, you will be able to:
® understand the concepts of function, domain and range

® yse of notations such as f(x)=x>+5, f:x+> x> +5, £ '(x), fg(x) and £*(x)

® find the inverse functions and composite functions

® know the conditions for the existence of inverse functions and composite functions
® restrict the domain to obtain an inverse function

o find the relationship between a function and its inverse



I

m The Idea of a Function

Many real life situations involve pairs of quantities that are related to each other by some rule of correspondence.

The mathematical term for such a rule of correspondence is a relation.

Here are the two examples.

(a) The area y of a square is related to its side x by an equation y = x°.

(b) The time ¢ is related to £ kilometres at x kilometres per hour by an equation ¢ = E
x

In example (a), suppose each value of x gets a unique (each) value of y from it, then such a relation is called a function.
To assist you in understand this better, let us interpret this function using a venn diagram.

The diagram belows a venn diagram which represents the mapping the set X to the set Y. Suppose the elements of the

set X ={-1,0,1} and the elements of the set Y = {0,1,2} and the relation from x to y is given as y = x”.
We have

X Y

\& ==
R
()

function, it is required
to state the relation
and include the

\/

domain of the

& function such as the

dwh one shown in(l)._]
and when o
0r>(0)* =0
1 (1)’ =1

From the above, we can see that each element of X gives only one element of Y, we say y is a function of x.

We can use a notation to describe the function as shown below.
£:x X, XE{L01} oo (1)

which means 'f is a function which turns the value of x in the domain into the value of function x*'.

The notation which is used for this is f(x) which is read as 'fx'. The letter f refers to the function, and x for the number

in the domain to be chosen for evaluation. For example, f(1) is the value of function when x =1.



The collection of all the elements in X, i.e. {—1, 0,1},is called the domain of the function.

The collection of all the elements in Y i.e. {0, 1,2}, is called co domain of the function.

The elements in Y, i.e. {0, 1} corresponding to x is called the range of the function.

Not all mappings are functions, one such example is illustrated below.

The venn diagram below shows another mapping between x and y with X ={1,4} and Y ={2, 5, 8}.

<]

From the above, we can see that 1 gives 5 and 8. As such, this relation is not a function.

Summing up the above discussion, we can define a function as follows. e

Suppose X and Y are two sets of elements. A function_f
that each element of set X (domain of the functio

one definite element of set Y (ther f t%

m Graphical representation of Functions

déhoted by R ).

In this section, we shall look at how a function can be represented by carteisan coordinate plane.

If function f with domain X and range Y, then its graph is the set of ordered pairs (x, f(x)), where x is the set of values
in the domain X and y is the set of values in the range Y. The graph of f consists of all points (x, y) in the coordinate
plane such that y = f(x).



For example,

f:x > (x—2)> +1, with domain {x:1< x <4, x € R} and its graph is shown.

>
>

y=(x-2)*+1

The graph of function f provides us a useful picture of the behaviour of a function:

Reflection

Are all equations can

First, it tells us where the function starts and where it ends. b .
e described as

function? I

Second, it allows us to picture the domain of f on the x-axis and its range on the y-axis.
In this example, the domain of the function fis {x:1< x <4, x € R} while the range of the function
fis{y:1<y<5,yeR}.

Last and most importantly, it shows that for each value of x, it giv, \@w of y on the graph.
For example, when x =1, it gives y =2,
when x =2, it gives y =1 and so on.

However, not all graphs represent functions, onclsuch example is illustrated below.

Consider the equation of a circle y* +x* = 4.

Taking the value x = 1, it gives two values of y,i.e. y = V3 and y= 3.

From the definition of the function, we say that the graph of y* + x* = 4 is not a function.



Testing Functions

In this section, we will learn to determine which curves in the coordinate plane are graphs of functions using the
Vertical Line Test.

Let us consider the following two situations.

Situation 1
Given y=x—4x> —4x+16, where —2<x<4,
. . . . . y
If some vertical lines are drawn within the domain of the graph, as shown. A
We can see that x:‘I/ x=3
(-1,15)
when x = —1, it intersects the curve at a point, at (-1, 15).
when x = 3, it intersects the curve at a point, at (3, —5). yex 4y —4x+16
> X

So, for any vertical line, x = a, where a is the set of values of in the interval ) / 4
of —2 <x <4, itintersects the curve exactly at a point. (3,-5)

We say the graph of y = x* —4x” —4x+16 is a function because from the dgfinitj a function, it states that
for each value of x, it gives a definite value of y.

Situation 2 ;
Given y* =x-1, where 1<x< @
However, in this case, when some vertical lings a awn within the domain K

of the graph, we can see that x=2 x=5
when x =2, it intersects the curve at (2, 1) and (2 -1). (52 Yy =x-1

when x =5, it intersects the curve at (5, 2) and (5-2).

So, if any vertical line, x = a, where a is the set of values of in the interval \(5,_2)

of 1< x <7, it intersects the curve more than once.

We say the graph of y* = x —1 is not a function since a function cannot assign two different values to one value of x.

In conclusion,

If y =f(x), where x € domain X and y € Range Y.

Recall the definition of the function, it states that each x, where x € X, there is exactly one
value of y, where y € Y such that y = f(x). It follows, then, that a vertical line intersects the
graph of a function y = f(x) at only point.

This leads to the Vertical Line Test for functions.




Example 1 testing for functions

FOLLOW UP 1

State and justify which of the following is a function.

(@ f:x—>—-/x,x20 (b) g:x—)l,xe]R
x




m The domain and the range of a Function

When we deal with functions, we often encounter terms such as the domain and range. In this section, we shall take
a closer look at the concept of these two terms.

Maxima domain of a Function

We have learnt in the last section that at the set of numbers x for which a function f(x) is defined is called the domain
of the function.

Consider the function f(x) = x*, where x € R. y
From the diagram, we can see that the domain for function A We may replace the
fisxeR. f(x)=x* letter f in the notation
f(x) with other letters
such as g(x), h(x),
and k(x) to represent
Not all functions may be defined for all real numbers. different functions of .
» X For example,

Let us look at the following two situations. 0] 5
e g(x)>x -LxeR

h(x)> x, xeR
Situation 1
The diagram shows the function g(x) =+/x—1.
Since a negative number does not have a r gv)=vx-1

k() x°, x>1 I

square'r,
Vx—lexistsonlyif x—1>0 ie.x>1. /
> x
0‘ 1

.. the maxima domain for function gisx >1.
Situation 2

. . . y
Consider again the function f(x) = x*, x e R A
If we restrict the domain of this function to x < —1, Sf(x) =x?

a new function is formed.

ie. h(x)=x*,xeRand x <-1.

.. the maxima domain for function his x € R and x < —1. L > x




Example 2 finding the maxima domain of a function

FOLLOW UP 2

State the maximal domain for which each of the following functions exists.

(@) f:x>In(x-1) (b) g:x>2+~3—x (c)h:x—)l
b

Example 3 finding the maxima domain of a function




FOLLOW UP 3

Restrict the domain of the function f : x = (x +1)°, x € R so that the function is always positive for all real values of x, and write
down the new function g(x) and its domain.

Range of a Function

In this section we shall learn about the range of a function.

Consider the graph of the function f : x = x’,x e R and —2 < x <2, as shown.

y=1(x) ‘ Range of function f
61 is a set of values
4+ from the least to the

greatest values of
2t f(x), where x is
: subset to the domain
1 of f. I

Recall the definition of the function, it states that each value of x, where x € the domain, there is exactly one value of y, where

y € the range of the function such that y = f(x).

In the diagram, we see that the set values of y from —8 to 8 resulted from the set of values of x.
Thus, the range of the function of fis —8 <f(x) <8.

We can generalise the above idea and define the range of a function as follows.




Example 4 finding the range of a function
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FOLLOW UP 4

Find the range of the function f : x > X -x-2,xeR,-1<x<4.



Examp|e 5 finding the range of a function

FOLLOW UP 5

Find the range of the following.

(@ f:x—>2x+3,-1<x<4 (b) g:x —)21 =3 ,xeR\{1 |\®x xe[0,n]
IIELN One-one Functiong@@

Consider the following function
f : x> x+1, with domain x = {1,2,3} and the range f(x) ={2,3,4}.

The function is represented by a venn diagram as shown.

X f(x)
f

From the above, we can see that for each value of y in the range of f, there is only one value of x, where x is the domain
of f such that y = f(x). We say that the function f is a one-one function.

Not all functions are one-one. Let us illustrate this with an example.

Consider the following function

g:x > x° +1,with domain x = {~1,0,1} and the range g(x) = {1,2}.



x g(x)

From the above illustration, we notice that there is one value of g, from two values of x which is —1 and 1 as shown.
Thus, we say that the function g is not a one-one function.

To help visualise this definition, we may view a one-one function graphically.

Consider the functiony =e™, x e R.

»
>

The diagram on the right shows that for each value of y,
it gives a unique (each) value of x.

We say that y is a one-one function of x.

» X
[9)
However, the function y = —x” +8, x € R is not a one-one
function. Thisis because for each value of y, except y =8.4 y=-x"+8
gives two distinct values of x. 2.4) 2.4)
£l \Sutd

For example, when y =4, it gives x =2

In conclusion, we define one-one function as follows.

A function f defined for some domain D is one-one (or injective) if, each value of y
in the range of f there is only one value x € D such that y = f(x).

Testing one-one Functions

We learnt to use vertical line test to determine if the curve is a function. In this section, we shall introduce another test to
determine if the graph of a function is a one-one function. This test is called the Horizontal Line test.

Let us consider the following two situations.




Situation 1
The diagram shows the graph of the function f: x> x’,x € R.

»

Suppose a horizontal line y = b, where b is the subset of the range

of function f,intersects the curve at exactly one point, at (a, b),

as shown on the right.

We say that f is a one-one function.

This is because for one-one function to exist, for one value of y

there is one value of x.

Situation 2
The diagram shows the graph of the function g: x - x>, x € R.

Suppose a horizontal line y = b, where b € R, intersects at two

points at (—c¢, b) and (a, b),as shown on the right.
(=¢.b)

The function g is not a one-one function.

This is because for each of value of y,except y = 0, it results in two 0

values of x, which does not satisfy the definition of 'one-one' function.

2

In conclusion,

testing for one-one functions

Example 6

Reflection

Referring to Example
6(a), can the domain

of g be restricted so

that it becomes a
one-one function?




FOLLOW UP 6

Determine whether each of the following functions is one-one:
(@ f:x>hx—x,xeR,I<x<e’.

() hix (x+1)’, xeR,x>-4.

Examp|e 7 restricting the domain of a function

FOLLOW UP 7

The function is defined by f : x > 1+ e ,xeR.
(a) Show that f is not one-one.

(b) The domain of f is further restricted to x < £, state the largest value of & which f is a one-one function.




Consider the function f has domain A = {1,2,3} and range B = {3,4,5} which is represented by a venn diagram as
shown in (i).
A B

(@

A new function having domain B and range A is formed from the function f by reversing the arrows as shown in (ii).

This new function is called the inverse of fand is denoted by f™' (read as f inverse).

From the above diagrams, we observe and notice that
f(1)=3, f'3) =1

f(2)=4, f'(4)=2 \e
f(3) =5, £7'(5) =3 Q
This establishes the following relation. @

The domain of the function f has me e tange of the function f ' and
the range of the function f has beco ¢ domain of the function f .

Not all functions have an inverse. Let us illustrate this with an example.

Consider the following function g with domain A = {1,2,3,4} and range B = {2,4,10} which is represented by a venn diagram
as shown in (iii).

A

The inverse function of g does not exist. This is because for any function to exist, each value of x must give a unique value of y.

However, in this case, 2 maps g”' to give 1 and 4. This is shown in (iv).



From the discussion, we can conclude the following.

Footnote
Consider f () = x, if we want to call the independent variable x,

we then interchange x and y and have the following: y = f "'(x) for any x in B.

The following should be noted when using the inverse function.

1. Donotregard —1inf ™" as to the power —1. Thus, f ' (x) does not mean %
X

Finding the inverse of a Function Q
We can find the inverse of a function usj er@ g method. In this method, we know that if f maps x onto y,

then f~' maps y onto x. Let us work wi

2. The reciprocal % could, however, be written as [f(x)] ™.
X

Examp|e 8 finding the inverse function




FOLLOW UP 8

The function is defined by f : x — 2x+1, x € R. Find ' (x).

Examp|e 9 finding the inverse function

Big Idea

Notice in Example 9,
when a quadratic
function is given,

we use the method
of completing the
square to express x

in terms of y.

FOLLOW UP 9

The function f is defined by f : x > x” —4, x € R. find an expression of f ' for which
@) x>2 (b) x<2

Examp|e 10 finding the inverse function




Big Idea

Steps to find the
inverse function:
: Let y="f(x)
: Find x in terms of y.
: Rewrite x as f '
and replace all y
in terms of x.
: State the domain
of f !, which is the
range of f.

Reflection

In Example 10,

the equation is written

1.1
asx=——=+ |——y.
TG

Why do we reject




Graphing Inverse Functions

. . o o 1 .
Consider the function f : x — 2x —2, where x € R and its inverse is f ' : x — E(x +2), where x € R and its graphs drawn

on the same coordinates plane as shown.

We can see that the graphs of f (blue colour) and its inverse (red colour) are symmetrical about the line y = x. The point

(1,0) lies on the graph f becomes (0, 1) on the graph ™" after the reflectio

The graphs of fand f™' interesect at the line y = x. In this example, thg

From the above discussion, we can establish the following gffatRgnshij b3

If f is a one-one function, f has an mverse Mnction f ', the graphs of fand f™' are reflections of

each other in the line y = x.

The following table shows the geometrical effects between the graphs of the functions fand f™'.

The graph of f(x) The graph of f7!(x)

The point P (x, y) lies on the graph of f. The corresponding point becomes (y, x) on
the graph of ™.

For any vertical asymptote of the graph It becomes a horizontal asymptote of the

of f. graph 7.

The domain of the function f'is D. It becomes the range of the inverse
function.

The range of the function of fis R. It becomes the domain of the inverse
funcion.

The two graphs intersect at y = x.




FOLLOW UP 10

The function f:x —>e™ , where x e R.

(a) Sketch the graph of f. Hence state the range of f.

(b) Give areason why f does not have an inverse.

The function f has an inverse if its domain is restricted to x > k.

(c) Find the least value of k and define ™' in a similar form.

(d) Solve for f(x) =" (x), corresponding to the restricted domain in (c).

Example 11 using a graphic calculator to graph a function and its inverse
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Reflection

Notice in Example
11(c), it is easier to
find the point of
intersection between
fand its inverse
using f(x)=x

or f7'(x) = x instead
of f(x)=f"(x).

FOLLOW UP 11

The function is defined by f : x > 6—e" ™", forx <1.
(a) Show that the function f™' exists and define f' in similar form.

(b) Sketch the graphs of y = g(x) and y = g "' (x) on a single diagram, stating the relationship between the graphs.

m Composite Functions Q\
Suppose we have two functions f and g, @
if the first function is f and the result of f i% e resultant (composite) function is called gf.

Consider the following functions
f(x)=x+1, hasdomain A ={1,3} and range B ={2,4}
g(x)=x%, has domain C = {1,2,4,5} and range D = {1,4,16,25}

The venn diagram below shows how function gf is formed. function f first maps the elements in set

A to set B where it is subset to those in set C. Another function g maps the elements in set B to those in set D.

A C D Big Idea
f B g When we form a
composite function
1 > 2 4 we can think of
composition in terms
3 > 4 16 of manufacturing a

product. For example,
fiber is first made of
cloth, then the cloth

is made into garment. I

of



As shown:

£ g
x> x+1 (x+1)?
fG) of (x)

We interpret the above mapping by starting with a number in the domain f and find its image of f(x).
If this number f(x) is in the domain of g, then we calculate the value gf (x).

For the element of x, the result is (x +1)*, the composite function gf is formed.
ie. gf ix = (x+1)°

Strictly, a function is not completely defined unless we state the domain of the function. Since the elements of the
function f map directly to the element of g, we say that Domain of f = Domain of gf.

In this example, the domain of the function gfis [1,3].

Using the venn diagram shown on the previous page, we can also obtaifghe f the function gf.
.". the range for the function gf'is [4,16].

Not all composite functions can be formed, as seen in t i0 W

f:(x)>x+1, wi domain@, } and range B = {3,4,5}
and g:(x)— x7, with domaiglC = {4,5} and range D = {16,25}

From the diagrams, we see that 2 maps fto give 3, which is not in the domain C

Thus, the composite function gf does not exist.

Summing up the above disscusion, we conclude as follows.



Algebraically, the composite function gf is obtained by substituting function f into g to obtain composite
function gf since the first function is f and the second function is g.

For example, if functions f and g are defined by f:x— x+1, xeRandx>0andg: x> x°, xR,
then the composite function gf can be expressed as follows.

gf(x) =g[f(x)] < replace f(x) by x+1.
=g(x+1)

=(x+1)’

Example 12 finding the composite functions

Reflection

Suppose the graphs f
and g are lines.

Must it be true

that composite
function fg is a line?
Justify your answer.

Information

If a is a real number

and R represents a set

of real numbers, then
we say a is an element
of R. In notation, we
write a € R.




FOLLOW UP 12

Functions f and g are defined by f:x+> 2x+3, xe R \

(@) fg(x)

Example 13

(b) gf(x) ) ()

showing that composite function exists

, x € R. Find

Reflection

If the composite
function fg exists, is it
true to say that the
composite function gf
exists too?




Information

If all the elements of
set 4 are elements of
the set B, we say that
A is a subset of B

and write 4 < B.

Attention

Notice in Example 13,
the domain of gf is equal
to the domain of f.

However, the range of gf

may not necessarily be

equal to the range of f.




FOLLOW UP 13

Functions f and g are defined by

f:xi—)z;,xe]R,xSO
x +1

g:xl—)l,xeR,x>O.
X

(a) Sketch the graph of the function f.
(b) Show that composite function gf exists.
(¢) Find gf(x) and state the domain and range of gf.

Example 14 showing the composite function exists

Information

The domain of gf
= the domain of f.

Similarly,

the domain of fg
= the domain of g.




FOLLOW UP 14

A function fis defined by \6
1 ;

f:xl—)ael"‘z,xeRande—l

(a) Justify, with a reason whether £ exists.
(b) If the domain is restricted to (—oo, b]
states the value of b and find f'(x), s

est value for which the inverse function f™' exists,

Another function g is defined by

g:xl—)x/;, xeRand 0<x<1.

(¢) Show that gf exists.
(d) Find gf(x), stating its domain.
(e) Find the exact range of gf.

Example 15 showing composite function does not exist




Consider function

ax+b d
s XF——

cx+d

State a condition such

that f will not be a

self -inverse.

f(x)=
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FOLLOW UP 15

A function f is said to self-inverse if f(x) = f "' (x) for all domain of x.
The functions f and g are defined by

f:x|—>7_3x, xeR, x#3
3—x
g:x> In(x+1), xeR, -1<x<2.

(a) Show that f is self-inverse. Hence evaluate " (5).

(b) Find an expression for g™’ (x).

(¢) Explain why composite function gf ' does not exist. \

(d) Show that fg' exists. Find the exact range fg . Q

Piecewise Functions

A piecewise function is a function which makes up#f 2 or more sub-functions, where each sub-function has a

different interval in the domain. An example o a piecewise function is the modulus function.
It is defined as y

|x|={x x>0 y=|x|

Example 16 graphing piecewise function
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FOLLOW UP 16

The function f'is defined by
{l—x3 for —2<x<0,
fix—>

e™ for x>0. e
(a) Sketch the graph of f and state the range of f.
(b) Find f ' in a similar form.
The function g is defined by

g x> x(x-2), xe @
(¢) Show that the function fg exists.

(d) Given that ¢ > 2, find an expression for Hence, find the value of o for which fg(a) = %

Periodic Functions

A function is said to be periodic when its graph consists of a certain pattern which repeats at a regular interval.

The graphs of some common periodic functions are shown below.

y Y y=tanx

A y=sinx , \ ' A ' \ \

1 ! ! 1 1 1

1- 1 1 ! 1 1 1

A

A A

: ! ! : 1 1

1 1 ! 1 1 1

. > \27) : : : :
s > AR "
A A I

: ! : N !

T Y B T Y O

<14 : 1 ! : : 1 1
W ' 1 ! ¢ ! 1

period
sinx is periodic and its period is 27. tan x is periodic and its period is 7.



For a period function with a period a,

it can written as f(x)=f(x+a)=f(x+2a)=f(x+3a)=...
similarly, f(x)=f(x—a)=f(x—2a)=f(x-3a) =...

So, a periodic function is defined by the condition

f(x) =f(x+ka), where k is a non-zero constant and a is the period of the function.

The pattern in the graph of a period function may be made up of two or more different definitions.
For example, a function is defined by
3, for 0<x<2
f(x)=
5—-x for 2<x<4

and that f(x) = f(x + 4) for all real values of x.

The graph below represents the function y = f(x), for 0 < x < 4.

y
Yoes

o\~
o

n f is a periodic with a period of 4.

is shown in the graph below.

y=1£(x)

—~
N

>

—_
~

[ S Y E
&~
Jo Nl
(oo}

Example 17 graphing periodic function




FOLLOW UP 17

It is given that

7-x for 2<x<4
and that f(x) = f(x +4) for all real values of x.
(a) Find f(1), £(8) and £(29).
(b) Sketch the graph of f(x) for —3< x <8.

(c) State a reason why fis not a 1-1 function.

f(x)={x+1 for 0fx

)






I

Showing Functions exist

1. For each of the following graph, determine which are functions.

(@) y=2x"+x+3 (b) y*+x =9 © y= @ » =l-x

2
(x=3)°

ﬂ Domain of a Function

2. Find the largest possible domain for each of the following functions.

@ y=x (b) y=x(x—4) (€ y=

1
(x+1)(x-2)

Range of a Function

2“11, x>0andg: x> —1+In(x+2), x> 0.

3. The functions f and g are defined by f : x >
X+

(a) Sketch, on separate diagrams, the graphs of y = f(x) and y = g(x).
(b) State the range of the graphs of y = f(x)and y = g(x).

4. Three functions f, g and h are given by f: x > 16 —x>, x € IQ\,@H In(2+x), xeR, x>-2 and

h:ix—2+e ", xeR".
(a) Sketch on separate diagrams, the graphs of f, g )

(b) State the range of all the three functions.
5. (a) A function f is defined by f : x % X € R, x> b, where 0 < a < b. Sketch the graph of f and find its
range.

T2 forxe R, x > b, where a,b € R". Find the range of g.

(b) The function g is defined by g : x > 5
x f—

n One - one Functions and Inverse Functions

6. The function f is defined by
f:x>-In(l+x),xeR,-1<x<2.
(a) Show that f is a one-one function.
(b) Find f'(x) and state the domain of f~'.
(c) Itisgiven that f'(x) =1, state the value of x.

7. Function h is defined as follows: h: x — —x* +3x+14, x e R.
(a) Show by means of a graphical argument that the function h is not one to one.
(b) The function h has an inverse if its domain is restricted to x < k. Find the greatest value of £ for which the

inverse function h™' exists and define h™', stating its domain.

8. The function fis defined by f : x > |(2x +1)(2x—9)|, xeR.

(a) Given that f™' exist when domain is restricted to [a, b] where a <0 and b > 0, find the least value of a and

greatest value of b.



Using the restricted domain found in part (a),
(b) find the domain of f' and the expression for f ' (x).

9. The function fis defined as follows: f : x — ¢, x > 0.
(a) Show that fis one-one and define f'. State the domain and the range of f'.
(b) On the same axes, sketch the graphs of f, f ' and ff™' and state a relationship between the graphs of fand '
(¢) Explain why the x-coordinate of the point of intersection of the curves in part (b) satisfy the equation
Inx—2x=0.

(d) Hence, find the value of x such that f(x) = f ' (x), correct to 4 significant figures.

10. The function f is defined as
f:ix— x+1—%, xeR, x>-1.
(a) Sketch the graph of y = f(x). Your sketch should state the coordinates of any points of intersection with the axes
and endpoints.
(b) Find f™'(x), stating the domain of f'. Hence the range of f .

(c) On the same diagram as in part (a), sketch the graph of y =f'(x).
(d) Write down the equation of the line in which the graph of y = f(x) must be reflected in order to obtain the graph

of y =f'(x), and hence find the exact solution of the equatiogf(x X).
(e) Using (c)and (d) to deduce the solution set of f(x) > ™' (x).

Composite Functions

11. The functions f and g are defined W@ ¥ xeRandg:x— x> +4, xeR. Find
(a) the function fg(x),

(b) the function gf (x),
(c) the function of £ (x).

12. A function fis given by f : x — x +1. Find the function g in each of the following cases:
(@) gf:x>x (b) fg:x—>x’

13. The functions f and g are defined by

x+1
fix>——,xeR, x>0,
x

g:x —1+In(x+2), xeR, x>0.
(a) The function h is such that hg(x) = e (x +2). Find an expression for h(x).
(b) Find th(x) and state its domain.

14. Functions f and g are defined by
fixtox*—4x+3 for xeR,x<2,
g:x>In(x*+1) for xeR.
(a) Only one of the composite functions fg and gf exists. Give a definition (including the domain) of the composite that
exists, and explain why the other composite does not exist.
(b) Find the range of the composite function that exists.



15.

16.

17.

18.

19.

Functions f and g are defined by

f:le+i, xeR,x<1,
x—1

g:x Inx, xeR,0<x<l.
(a) Explain why the composite function gf does not exist.
(b) Find an expression for fg(x). Hence or otherwise, find (fg) ™ (0).
(¢) Find an expression for h(x) for each of the following cases:

i gh(x)=x,
(ii) gh(x)=x"+1.

The functions f and g are defined by
f:x>sinx, xeR,-7<x<rm
g:ix2x +x, xeR, x>-1
(a) Show that the function gf exists. Express gf in a similar form and state its range.

(b) If g, is arestriction of g, define the domain of g, such that g, exists and g, has the same range as g.

A function f is said to be a self -inverse function if f(x) = f ™' (x).
The function f is defined by

f(x)=ax b, xeR,x;ﬁg,

+
cx—2 c
where a, b, c and d are non-zero constants.
Ny

(a) By finding f™'(x), show that a =2 for f to be a self -invers
For the rest of the question,use a =2, b=3and ¢ = 5.
(b) Find f(x).

(c) Evaluate f"'(4). 0

The function g is defined by %
g(x)=2x" -3, .

(d) Explain why composite function fg does not exist.

(e) Find the exact solutions of gf(x) =5.

A function h is said to self -inverse if h(x) = h™'(x) for all x in the domain of h.

Functions f and g are defined by

X .
f:x— 5 x € R, x # a, where a is a constant,
e

g:x—Inx, xeR,x>e".
(a) State the value of a and explain why this value has to be excluded from the domain of f.
(b) Show that f'is self-inverse.
(c) Find the exact values of b such that f*(b)—2 = f'(b).
(d) Find the exact range of fg.

The functions fand g are defined by

f:x>In(x+h+1), x>-h, h>0

g:xHx +2x-1, xeR
(a) Find the set of values of % such that the composite functions fg exists.
(b) Find the value of / such that the range of fg is given by [In 3, o).



20. The functions f and g are defined by

fix x> +3x+1, xeR,xS—%,

g:x—3+e, xeR.
(a) Show that f has an inverse.
(b) Give a reason why the composite function f'g exists. Find f 'g(x) and state the domain of f'g.

The function h is defined as follows.
h:x— In(x-k+1), xeR, x>k, wherek <0.
(¢) Find the value of £ such that the range of hg is given by (In 5, ).

Piecewise Functions

21. A curve has equation y = f(x), where
lx+z for —2<x<1,
f(x)=43 3
J5-x-1 forl<x<4.
and that f(x) = f(x + 6) for all real values of x.
(a) Sketch the graph of y =f(x) for —-5<x<11.

(b) Evaluate f(—10)+f(36).

22. The function fis defined by \e
|x|  for—2<x<0 Q

f:ix—
x+2 for0<xaf,

and that f(x) = f(x +4) for all real values of ##
(a) Sketch the graph of y = f(x)@or—4 < x

(b) Show that f™' does not exist.

(¢) If the domain of f'is restricted to , state the smallest value of @ such that f™' exists.

(d) Using the domain found in part (c), define f ' in similar form.

23. The function f, with domain the set of non-negative integers, is given by
1 forn =0,

f(n)42f (%n) for n > 0, n even,

2—f(n—1) forn>0,nodd.
(a) Find f(3), f(4), and f(6).
(b) Does f have an inverse ? Justify your answer.

24, The function f is defined by

—(x+1)?

f:xt>e ,forxeR,x>-1.

(a) Explain why ™' exists, and define it in similar form.
(b) State the range of values of x such that ff ™ (x) = x.
The function g is defined by

6+2x, if —3Sx£—l
gix> - 2
4—-2x, if _E<XS3



25.

(¢) Determine if the composite functions fg and gf exist.

(d) If the composite function exists, define it and find its range.

The function f is defined by

a—x

ae for0<x<a,

1

f:x—
—(x—a)’-a
a

fora < x < 2a.

(a) Define f' in similar form.
(b) Sketch the graph of y = f'(x), indicating clearly the axial intercepts.
The function g is defined by
g:x Inx forx>0.

(c) Determineif gf ™' exists.

Applications

26.

277.

The researcher aims to understand how the number of work hours per day affects an individual's job satisfaction

and, in turn, how job satisfaction influences the overall happiness of his family.The researcher developed two

functions. The first function, f, relates the number of work hours, x per day, measured in hours, to an individual's job

satisfaction. It is defined as follows : f(x) = (x—5)’ +200, 0 < x <15.

(a) Is it necessary for a person to work long hours to have a high le\\ isfaction, according to function f ?
cQve

The second function, g, called the family happiness index, mea appiness of the family based on an

% i 0 to 1, with O representing the lowest level of

individual's satisfaction level (w) with their job. The inde
happiness and 1 representing the highest level of ha

Function wis defined by g(w) = In (e 00(e—1).

(b) Show that the composite function gf exigh and interpret the meaning this function in this context.

(¢) Find range of gf if an individual int®#s to work between 7 hours to 11 hours, inclusive.

(d) Determine whether gf increases or decreases as x increases.

The researcher also developed a third model to examine how an individual personal savings in dollars relates to the
number of work hours, x per day. It is defined as follows : h(x) = 400 — (x —10)*,0 < x <15, where h(x) denotes
personal savings of an individual in dollars.

(e) Find the range of the personal savings in dollars, correct to nearest integer, if the happiness index based on

individual's job satisfaction is at least 0.7 but not more than 0.9.

The outdoor temperature 6, in degree Celsius, of a typical day in May, ¢ hours after midnight can be modelled by the

function f such that f(¢) = acos(z—i‘t —%) +b, 0<t<24anda,b>0.

It is given that on a typical day in May, the outdoor temperature is 25° C at midnight and the maximum temperature of
the day is 38° C at noon.
(a) Find the value b and show that a =13.
(ii) Itisgiven & and f, where a # S, is such that f(a) = f(f3).
Show that & + f = k, where £ is a constant to be determined.
The rate of absorption of energy, g(6) measured in kilowatt hours (kWh), of a solar panel system is dependent by the

outdoor temperature 6. It is defined as
g:0+—50In6-150,60 > 23.



(c) Write, in context of the question, what the composite function gf represents and show that this function exists.

(d) Determineif gf has an inverse.

(e) Find the range of the rate of absorption of energy of a solar panel system occurs between (12 —s) am and s pm on a
typical day in May.

E Mixed Exercise

28. The function f is defined by

. T
f:x|—>\/§s1nx+cosx, xeR, —7z<x<g.

. . . V4
(a) Express f in the form R sin(x + «¢), where R and « are exact constants to be determined, R > 0, 0 < o < 5

(b) Sketch f, giving the exact coordinates of the turning point and the end-points. Deduce the exact range of f.
(¢) The domain of f is restricted such that the function f ' exists. Find the largest domain of f for which ' exists.

Define f™' in a similar form.
(d) The function g is defined by

g:xl—)l—|x—1|,xe]R, —Estl
2 2 2

Explain why the composite function fg exists. Find the range of fg. 6

29. The function f is defined by \
a’x—ax’ for x Q

——a’x+— > -,
2

where a is a positive constant.
(a) Sketch the graph of y = f(x), 1

major features.

icaj@le the coordinates of the points where the curve cuts the x-axis and other

(b) Ifthe domain of f'is further restricted to x < k, state with a reason the greatest value of &, in terms of a, for
which the function f™' exists.

(¢) Using the value of k found in part (b), express the definition of f ' in similar form. State the relationship between
the graphs of fand f'.

The function g is defined by

g:ix—>e', x<d.
(d) State whether the composite function gf exists, justifying your answer.
(e) Find the range of gf.

30. The function f is defined by

X .
f:ix— p_’ for x € R, x # 1, where p is a non-zero constant.
o
It is given that f is self -inverse.
(a) Find the value of p.

Use the value of p found in (a) for the rest of the question.



(b) Explain why f* exists.

(c) Find f*(x) and state its range.
(d) Hence, find £ (x).
The functions g and h are defined by
gix—e +2 for x e R,
h:x > In(ax’ +bx+c) forxeR,
where a, b and ¢ are constants.

(e) The graph of y = h(x) has a minimum point at [%, ]11%) Given that gh(1) =8, find h(x).

31. The function f is defined by
4—x for1<x<3,
f(x)= )
(x—-4) for3<x<4,
and it is given that f(x —3) = f(x) for all real values of x.
(a) State a reason why f does not have an inverse.
(b) Sketch the graph of y = f(x) for—1< x <6.
(¢) Evaluate £(2017).

The function g has domain [1, 4)and is defined by
4—x forl<x<3,
g(x):{( —4Y  for3<x<4, \
(d) By sketching y = g(x)and y = g"'(x) on the sam values of x such that g(x) = g™ (x).
The function h is defined by

h(x) =
(x 1) Sx<3,
(e) Explain why hg™' does not exist.
(f) Given that hg exists, define hg in similar form as function h.
(g) Find the range of hg.

n Higher Order Thinking

32. Functions g and h are defined by
2

ax
g:ixb , for xeR, x#a,wherea>1,
xX—a

h:ixx* for xeR, x>a.
(a) Sketch the graph of g, indicating clearly the equations of the asymptotes in terms of a.
(b) Find the range of g and range of h in terms of a. Hence explain why g™'h exist.
(¢) Find the range of g"'h in terms of a.
(d) Given that g 'h(m) = m where m is an element of the domain of h, show that m satisfies the equation

m* —am—a* = 0. Find m in terms of a.

33. The functions f and g are defined as follows:
f:x——-In(x—»b), x>bandb<0,

g:x (x—a)’ -1, xeR, whereais a real constant.



34.

35.

36.

37.

(a) Show that fis one-one and find £ in similar form.
(b) Find the greatest integer value of b such that the function fg exists.
(¢) With the value of » found in (b), find the range of fg.

The functions f is defined by f : x > #, for x < m where m < 2.
e

(a) Find the range of values of m such that both ™' and f* exist.

(b) Given that the range of values of m found in part (a) holds, find the functions f ' and f*, and state their domains

and ranges.

(a) The function g is defined by g: x — x+g, xeR, x>0.
X

(i) Determine the range of values of ¢ such that g™ exists.
For the rest of the question, it is given that & = 4 and the domain
of g is further restricted to x > .

(ii) Determine the least value of B for which g™ exists.
Using this value of A, hence find g™'(x) and state its domain.

(b) The diagram shows the graph of function f defined on (—1,).

showing clearly any asymptotes.
(iii) The function g and f™' g are given as follo,
gix2-+1l-x, <R 1.

The function f is defined by

(2x+a)’

f:x—>e ,xe R, x < kand « is a constant.

=

Il

|
—
>

g [
i
i
<
Il
—_

(i) State the restricted domain of f such that f™' exists and the ra remains unchanged.
(ii) With the restricted domain of f found in part (i), sketch th&gr:

s ofIf " and ff™' in a single diagram,

(a) State the largest value of k in terms of «, for which the function f™' exists.

(b) Using the value of k in (a), find f'(x) and write down the domain of f .

In the rest of the questions, let a =1.

(c) Sketch on the same diagram, the graphs of y = f™'(x) and y = f 'f(x).

The function g is defined by

g:x|—>|x+a|+a,xeR,x<0,a>1.

(d) On a separate diagram, sketch the graph of y = g(x), indicating clearly the coordinates of any axial intercepts.

(e) Show that gf ™' exists and find the exact range of gf ™'.

The function f is defined by
f:x|—>|x|—k,—2k<x<2k,wherek > 2.

The diagram shows the graph of the function, y = g(x), where

—2 < x £2.The graph crosses the x-axisat x = -2, x =—1, x =1

and x = 2, and has turning points at (—1.5,-1), (0,4) and (1.5, -1).




(a) Explain why the composite function fg exists.
(b) Find in terms of &,

(i) the value of fg(-1),

(ii) therange of fg.

(¢) Given that £ =3, sketch the graph of y = fg(x), stating the coordinates of the turning points, if any.

Examination Style Questions

38. The function f'is defined by f : x > 1+2; x>0.

X +2x+3’
(a) Sketch the graph of f, indicating clearly the equation of any asymptotes and the exact coordinates of any point(s)

of intersection with the axes.
(b) Show that f™' exists and find f ' (x), stating the exact domain of £
(c) On the same diagram as in part (a), sketch the graphs of y = £~ (x) and y = ff ' (x).
(d) Show that f* exists and find the exact range of f*.

39. The function f is defined by

A . ..
fix P +Ax—A4% xeR, x< - where A is a positive real number.

(a) Find f'(x) and write down the domain and range of f'.
The function g is defined by
g:x—>e", xekR
(b) Explain why the composite function fg does nof§iis
(¢) Find the composite function gf'i gonil g f find its range.

40. Functions f and g are defined by

x+a
fix— , forxeR,x#-b,a+-1,
x+b

g:1X> X, for x e R.
It is given that ff = g.
(a) Find the value of b.
(b) Find f'(x) in terms of x and a.

(c) Establish a relationship such that f(x) is not a self-inverse.

41. Functions f and g are defined by
frx>2x"+4x, xe{-2,-1,0,1,2}.

gix> S x € R, x # a, where a is a positive constant.
xX—a

(a) Find the range of f and explain whether f has an inverse.
(b) State the value of @ such that gf does not exist.

(¢) Show that g(x) =g '(x) forall x, x # a.

It is given that a = 3.

(d) Hence, or otherwise, find the value g**"*f(1).



42. (a) A function fis said to be self-inverse if f(x) = f ' (x) for all x in the domain of f.
The function f'is defined by
f:x— 3x +bk , xeR, x#b, where k and b are constants.
e
(i) Find the value of b and the set of values of k£ such that f is self-inverse.

Another function g is defined by
fg:x—2x—-1, x#2.
(i) Using the value of b found in (i), find in terms of &, an expression for g(x).
(b) The function h is defined as follows:
—4x+8, for1<x<2,
h(x) ={ 5
—x +8x—-12 for2<x<4.
and that h(x + 3) = h(x) for all real values of x.
Sketch the graph of y = h(x) for —4 < x <6, indicating the axial intercepts and endpoints clearly.

43. The functions f and g are defined by
f:x>(x-3)", forxeR, x>a,
g: x> In(x-3), forxeR, x>3,
where a is a constant.
(a) Determine whether f has an inverse when a =1.
(b) Itis given that f™' exists. State the minimum value of a, and a similar form with this minimum
value of a.
For the rest of the question, let a = 5.
(¢) Show that the composite function gf exist?. ceQolvovef @) = In 78.
R.
(a) Show that f does not have an inveTse.

(b) The domain of f is further restricted to x < k, state the largest value of k for which the function f™' exists.
In the rest of the question, the domain of fis x € R, x < k, with the value of & found in part (b).

(¢) Find f'(x).
The function g has an inverse such that the range of g™ is given by (1, 3].

44. The function f is defined by

f:x—>1+2e" ,x

(d) Explain why the composite function gf exists.

It is given that the composite function gf is defined by gf (x) = x.
(e) State the domain and range of gf.

(f) By considering gf(-2), find the exact value of g ' (-2).

45. The function f is defined by
f:x>x*+4x-5, forx<k, keR.
(a) Find the largest exact value of & such that f~' exists. For this value of k, define f ' in a similar form.
Another function g is defined by
g:)“_){4—)c2, for0<x<2
2x—4, for2<x<4
and that g(x) = g(x +4) for all real values of x.
(b) Sketch the graph of y =g(x)for—-1<x<7.
(¢c) Using the results in part (a) and (b) explain why composite function f 'g exists and find the exact value of f'g(6).





